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ABSTRACT

Chapter I contains the calculations for thick target bremsstrahlung
in the forward direction. The theory presented is complete with regard
to such details as multiple electron ;cattering, electron-energy degrada-
tion in the target, bremsstrahlung angular distribution, variation of
bremsstrahlung distribution with a decreasing electron energy, and target
self-absorption. Past theories have accounted for some, but not all, of
these effects. The approximations presented here are for heavy elements,
particularly tungsten; they should also apply to the lighter elements but
perhaps not with the same degree of accuracy.

Chapter II covers for the off-axis theory the same details presented
in Chapter I for the on-axis theory. It accounts for the angular displace-
ment of the detector from the axis. The off-axis theory is useful in
determining the optimum target-object distance for certain densitometric
or radiographic observations. The distinguishing characteristics of this
theory are that it is continuous for all thicknesses of target, zero to
infinity; it is continuous for detector angle displacements, zero to values
greater than the half-intensity angle; and it introduces a new energy-
dependent parameter t', which is the lesser of either thickness or the
distance traveled by an electron in the target and emitting a photon of
energy k at the end of its range.

Chapter III presents improvements in the development of the off-axis
theory covered in Chapter II including the effects of plural scattering,
the transitional region between multiple and single scattering. The need
for such improvements was indicated by the discrepancy between previous
off-axis theories and the published experimental results. A surprising
result is that terms added to account for plural‘scattering contribute

only negligibly to the angular radiation distribution, which is in



contrast to predictions. The long tail to the angular distribution is
primarily a result of the convolution of the multiple-scattering angular
distribution and the bremsstrahlung angular distribution. A weighting
function is developed and compared with the experimental results; agreement

with theory is within the experimental error.




CHAPTER I

A THICK TARGET ON-AXIS BREMSSTRAHLUNG THEORY

A, Problem Formation and Geometric Considerations

The first assumption made is that all the electrons in the incident
beam are normal to the target. in practice, this usually is not the case,
but the effect is small and tends to reduce the on-axis intensity accord-
ing to the angular distribution of the incident electrons. The effect on
the bremsstrehlung energy distribution‘is correspondingly small., In Fig. 1,
the electron beam is incident upon a target of thickness t. At the depth
x, radiation is produced in the differential thickness dx, and a small
portion of thils radiation will reach an on-axis detector.

Consider the electrons which strike the element dx at a depth x and
with an angle ee. In this theory, all energies are considered to be
relativistic and all angles of importance are assumed to be small; for
example sin Se = ee. The fractional number of electrons having the

direction 6_ at the depth x will be expressed as f(ee, X, Eo)eedee.

The differential bremsstrahlung intensity per steradian that will reach

the detector will be

nNk
dI(k,x,ee,eY) == f(ee,x,Eo)eedee S(k,x,ey,Eo) dxdk., (1)
where S(k,x,eY,Eo) is the differential bremsstrahlung cross section. Because
this is a cylindrically symmetrical theory, the usual third dimension,
d¢e, need not be explicitly considered.

The differential intensityper steradian reaching the detector,

integrated over all possible angles ee, is
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niNk
dI(k:x) = P /f(ee’x’Eo)eedee S(k’x’ey.’Eo)dXdk° (2)
6 =0
e

Integration over the Ge parameter is taken to infinity as a mathematical
convenlence, but no practical error will result because the integrand
rapidly epproaches zero as Oe increases past 10° for our range of investi-
gation. Not included in the above formulation is the self-absorption of
the produced gamme rays as they penetr#te the remainder of the target, s.

To account for this, the simple narrow-beam absorption coefficient u(k)

is used. The intensity becomes

al(k,x) = %J f(ee,x,Eo) S(k,x,ey,Eo) exp{-u(k)s} eedeedxcnc. (3)
=0
e

The intensity, as seen by a perfect on-axis detector from a target of

thickness t, is given as a function of the photon energy, k.

t o
at(,t) = B f / £(6,0.E.) 5(%,%,0 ,E )
x=0 6 =0
e

exp{-u (k) she a6 axax, ()
This expression can be simplified from geometric considerations if the
detector is far from the target and is small in size. Then, as d >> t,
the electrons that are deflected by an angle ee at; the depth x must
prcocduce photons at the angle OY = Ge for the detector to respond. Thus,
the simplification is made that 6Y = ee = 6, and the intensity per

steradian is expressed by



t o]
di(k,t) = %[ £(6,x,E ) S(k,x,6,E ) exp{ u(k)s}ededxdk

x=0 6=0

Equation (5) is the formulation of our basic problem and will be solved

in several steps in the next few sections.

B. Multiple Scattering

The multiple scattering as a function of the depth x is given by
the function f(e,x,Eo) in Eq. (5). The most accurate account of this
fractional electron distribution is given by the Moliére theory.l Only
the first term, which is Gaussian and normalized, is used and is quite
accurate for our purpose. The error is less than 2% in relative magni-

tude as a function of angle.

£(6,%,E) = —2—B xp{-ea/ei'e},

2
where 6] and B are constants for the 6 integration.

1. 8? Eveluation.

The theory departs from the usual treatment to include the effect
of the electron energy decreasing with target penetration. The relati-
vistic Mott2 formula for scattering, but neglecting screening, is used
as the basic equation,

K dfdx

£ (6,x,€ )doax = —g—,
€%

(6)

(7)




where

K = 8Nz (2+1) 22 e* .

The parameters involved are defined by Segre. 3 The assumption is now
made that the kinetic energy of the electrons at the depth x is

e = eog(x) , where g(x) is a monotonically decreasing function of the
thickness. 9: is defined in such & way that many collisions occur in

the foll for 6 < 61, but not many occu; for 6 > 61. In particular,

only one collision occurs for all angles greater than 91 . The probability

of a collision occurring at the angle € in the thickness x will be

X
P, = / fm(e,x,eo)dedx,

o

or

X

P, = K £(x)a0/6%2, where f(x) = / g (x)ax. (8)

Thiis probability, Pc, is set equal to unity for all angles 6 > 91 , that is,

©

X £{x)as ’
= ""'L_ . (9)
* é/ 9362 u?

1

When solved for 61 )

3 2,3
6] = K £(x)/2u ez (10)



2. B Evaluation.
The B parameter is rather complicated. However, B can be accrrately
approximated by the following function where the error is less than 1%

for the entire range of interest.

B> nfl1 o® an 1 N (11)
where

Py
22 = 7800 ZS(Z+l)z3f(x).
A(1+3.35 o)

Again, the nomenclature used in this formuls is that used by Segré.3 The
approximation in Eg. (11) is developed by & simple perturbation theory and

is presented in Appendix A.

C. Bremsstrahlung Angular and Energy Distributions.

Schiffl+ has developed the following formula for intrinsic bremsstrah-

lung intensity at small angles from the direction of the incident electron

beam.
273r° B° ( 166°EE (E_+E)?
S(k,0,E ) = 1377?_——1% . X
X (1+6%82)*  (1+6°%E°)3%F°
X p.4 X
E2+E° 46%E E
+ X . £ _ 1an M(%,6,E )} , (12)
(l+92E3)3E2 (1+63E3)4' X
X X X
where

M"l(k.e’E ) - (_‘k_..)a + (___Zi__)a.
x 2E_E lll(E193+l)




The only photons that will survive to contribute significantly to the
total Intensity, because of the double process of multiple scattering
and bremsstrahlung, are those whose angle & is less than the order of

6;1. Using this as a basis, Schiff's equation can be further simpli-

fied and the variables separated:
8(k,6,E )dk 6d6 = Sl(k,Ex)dk 5,(6,E )66 , (13)

where S1 is the energy distribution evaluated for 6 = O,

2222 ((E24E2) (E_+E)2 ) E2dx
S1(k,E )ak = S 2n M(k,0,E ) - —= i, (1k)
137n E2 E2 k
X X
and S2 is the angular distribution
s, ( 242] 2
2(0,E ) = [1+Ex9] . (15)

D. Bremsstrahlung Weighting Function - the 6 Integral

l. Exact Expression.
The foregoing section has separated the variables k and 6, and now
it is desirable to evaluate the 6 integral. Gathering all the functions

related to 6, that is, f(e,x,Eo) and §_ (G,Ex), the 6 integral becomes

-]

W(x,E)) = | £(6,x,E) s,(6,E )os, (16)
=O

where W(x,Eo) can be interpreted as the weighting function for thbe production

of bremsstrahlung at the depth x of the target per unit solid angle of



10

the detector. Substituting Egs. (6) and (15) into Eq. (16), the weight-

ing function becomes

-]

W(x,Eo) =/ o (@+6°)™ 2p exp{-pea}ede , (17)

6=0
where

a=EZ2,p-= l/BGi.

Fortunately, this integral is directly reducible as a Laplace transfor-

mation and yields for the weighting function

WEx) = [ap + op° explap) E, (-op) |, (18)

where Ei(-ozp) is the exponential integral.

2. Approximate Expression.

The weighting function has already become & complicated function of
thickness x and with the target thickness integration to perform, it
would be convenient to express Eq. (18) in terms of directly integrable

functions. By using the usual approximation for g(x),

g(x) = glg [(0+B60) exp(-Bx) - c], (19)
o] .

and its derived counterpart

™m

g3%e

[
£(x) = 22 [87(x) + = tnglx) + 5 2x-1] ,

(20)

where o is the intercept on the ordinate, and B is the slope of the



electron differential energy loss vs incident kinetic energy curve for
tungsten, the welghting function, W(x), has been graphed as a function
of thickness, x, (Fig. 2). It is fortuitous, but not surprising, that
W(x) is closely related to the form

W(x) = (1 + ax)". (21)

Here a is a constant. This form has the advantage of being a sectionally
rational function that is Laplace tra.néformable s leading to the spectral
distribution in a closed form. This and other similar expressions have
been derived by other a.uthorss’ 6,7 through the use of many rough approxi-
mations. The main approximations are: (1) the energy of the electron is
not degraded in its travel through the target, and (2) the bremsstrahlung
angular distribution is of a type that can be represented by & series of
Gaussian terms. The accuracy of the expression in Eq. (21) is far better
than these approximetions would lead one to expect as the errors are
largely self-canceling over the 6 integration.

In order to use the expression in Eq. (21), the constant a must
be evaluated. The best fit for the approximate expression to the exact
expression should be evaluated in the region of interest, that is, in

the region of the effective depth, T (Appendix B).
W(r) = (1 + am)™ = op + &®p° explon ), (-om), (22)

where ap is evaluated at v. Thus,

N R A @)

11
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Using the value of the effective depth, 0.06 g/cm?, the value of & for

tungsten is 165.3 cm?/g.

E. Bremsstrahlung Energy Distribution-Approximation
1. At Depth x. |

From the preceding section, and in reference to Appendix C, it is
evident that the useful bremsstrshlung from a thick target is generated
inAa very thin layer near the front and the effective depth, in terms of
energy degradation, is very small. Some authors have assumed no energy
distribution variation with depth. However, although half the intensity
is generated at a depth less than the effective depth, t, the other half
is generated between T and at least as deep as the optimum depth, T
Therefore, a penetration correction is made to the distribution even

though it may at first appear to be slight.

Equation (13) allows removal of the angular dependence from the
spectral distribution. The energy distribution function Sl(k,Ex), which
is evaluated for 6 = 0, is left. Again, to ease the complicated
x-integration yet to be performed, the function SB(k’Ex)’ which is the

bracketed portion of S (k,E ) in Eq. (14), is represented by

Sp(k,E ) = S(k,E ) exp{a(k)x}, (2k)
where A(k) is a function to be determined. Because of the extremely sharp
weighting function, W(x), in the region of very small x, Eq. (24) may

be solved for A(k) as x + 0

sy (x ,Ex) 1 dE_

. 9
dE_ SB(k,Eo) dx

Alk) = A(k) =
x-+0

(25)

making A(k) independent of x, but a function of energy k.

13
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2. Thick Target.
Using the above expression and inserting it and W(x) from Eq. (21)

into Eq. (5), the measured intensity distribution is

.t'
aI(k,t) = mng/ 1 i pvry Ef(SB(k,EO) exp{A.(k)x - u(k)s}axdk, (26)
x=0

where

272p2
o)
137w

The upper limit, t', replaces t to account for zero contribution from the
spectral distribution for photon energies k > Ex at depth x. The function

t' is derived as follows:
inasmuch as glx) = E:?B- [(o + Beo) exp{-Bx} - o:]
2

then k <B-J: [(o +B&°) exp{-sx} - o]

or, which is equivalent,

x <X n (27)

g

o+ 60
o8k ; '

Thus, the upper limit will be B-lln.[(c + Beo)/(o + Bk):] or t, whichever

is smaller. To formalize,



t'-tfort<a"£n$

o+6k ’
and
o+8& - o€
t' =p7t ngm_ﬁko%for t >pt !'n;o+ﬁk02° (28)

For the purpose of evaluating the integral in Eq. (25), Eq. (26) can be
considerably simplified. The Justification for this comes from the very
shallow effective depth indicating that, for the most part, the brems-
strahlung will be formed by electrons of nearly the same energy a&s the

impinging electrons. Thus,

80) = g5 [(0 + 82, expl-px} - o] ~ exmp{-t], (29)
where
=P+ o/€ .
Therefore,
8x ~ &, exp{-ix} and E_ >~ E_ exp{-&x}. (30)

Making the substitutions indicated by Eq. (30), and that allowed by

=t - 8, the Intensity becames

tl

-u{k)t .
ar(k,t) = :—-Nkp Sl (k,E )e b (k) [f+au ex'P'{(A +u - 2£)x}dxdk,
=0

15
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where

3
asy(k,B ) g% EE

d {s (x,E )} 1)
s . = - . 31
A dE SB(k,Eo) ) l(k,Eo) dE EZ

Fortunately, this can be reduced directly as a ILaplace transformation

and yields for the spectral distribution

nNk

arie,t) = B s (8 exp{-um)t} expf(2t-n-0)2}

i[G+tﬁ@&u®]-%[(X%¢4ﬂ} (32)

~\_\p

This differential intensity is expressed in units of mocz.

The above expression can be simplified and expressed by more familiasr
functions. First, (ZE-M-A)% << 1, so that the exponential of this argument
can be equated to unity. Second, the exponential integrals can be expanded
and cambined into functions of natural logarithms to an accuracy greater
than 0.1% for the region fram zero to several times optimum thickness, and

to better than 2.2% for any thickness. That is,

AR CEIACEI)

>~ ¢n(l+at') - 2m(1+?st'(2€ -H-A)).

(33)
See Appendix D for a derivation of this approximation.
Meking these substitutions,
aI(k,t) = m s (k E)e ”(k)t {1.n(1+at') - 2l,n(1+bnt')}dk, (34)



where

D =2~ p(k) - A(k).

The essential characteristic of the distribution is given by the first

term

aI(k,t) = %—Nk; S x(k,Eo)e.“(k)t In(l+at'), (35)

and is sufficient for rough approximations (approximately 10 to 20% too
high, depending on k); however, the correction term, containing A(k),

can contribute considerable detail, especially in the region where k ~ SO.

F. Summary

The important result contained in the expression in Eq. (34) gives
the spectral distribution as seen by a detector far from the bremsstrah-
lung generating target of a given thickness, t. The theory is complete
in that it is velld for any thickness of target from zero to . It is
difficult to attach an error specification to the equation. However,
all the approximetions are good to a few percent.. Many of the approxi-
mations have little effect on the final results, and it is felt, in
developing the theory, that the overall equation should be accurate to
better than 3 or 44.

Also of great interest is the optimum target thickness which should
be used to generate the maximum intensity at the detector after the
X rays have traversed a thick plece of some high~Z material. Figure 3
gives the spectral distribution from a tungsten target of optimum thick-
ness, 2.08 g/em®. Also, for cemparison, the differentially thin target
spectrum is displayed.

Figure 4 shows a plot of the 3.5 MeV bremsstrahlung intensity as a

17
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function of tungsten target thickness. Because it is near the minimum
absorption region for most high-Z materials, 3.5 MeV was chosen. The
curve for the total intensity vs thickness would be slightly different
because of the energy dependence of the various parameters such as
absorption coefficient, spectral distribution, etc. Once the tungsten
target thickness increases past 7.38 g/ om , the only detected influence
on the bremsstrahlung is an exponentiasl decay due to absorption because
the electrons have been completely stopped at this depth. The parameter
t' accounts for this effect.

It is interesting that the effective depth is so shallow compared to
the optimum depth. This gives Justification for not ignoring the pene-
tration effects, namely, scattering, energy degradation, bremsstrahlung

angular dependence, and self-absorption.



CHAPTER II

THICK TARGET OFF-AXIS BREMSSTRAHLUNG THEORY

A. Geometric Considerations

As in the on-axis theory, the electrons in the incident beam are
assumed normal to the target. Figure 5 indicates the off-axis geometry
where ed is the angular displacement in radiens of the detector, Ge is
the angular displacement of the scattered electron at the depth x, and
97 is the angular displacement of the emitted gamma ray relative to the
emitting electron. |

If one assumes that 6, ee, and 6

a are all small compared to a unit

7
radian, then

3 _ g3 ,p% _
67 = ed +6e aeeed cos ¢,

where ¢ is the angle between the plane containing the axis and the scat-
tered electron and the plane containing the axis and the emitted gamma

ray.

B. Weighting Function

Equation (17) can be rewritten in terms of the newly defimed angles.

All development prior to Eq. (17) is valid for the off-axis analysis.

W 2 = .-
= o ) / / oz+e8 °p exp{ pe‘:} eedeedm°

0,=0 =0

Substituting Eq. (36) into Eq. (37) and carrying out the indicated ¢

integration,
@ ( 93 93
1 +'—-4-—S>I)exp{- 2}
W(x,E ,0,) = = ? 20 a6
° a 6o* 6% 6% 6*13/? e’
2 d d
6 =0 L+30,+7+ 2——(1 - -2 ) + J
e o d a

(36)

(37)

(38)

21
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For convenience, let

o2 3
p' =ap, 2. e 8
’ H m = 0, then 29ed6e = a(l-l'ﬂ))ds, (39)
and the weighting function becomes
[+
1 1+ 3
W(x,E_,w) = / ' (L+w)
o -] 2(1=-w 3 /; p
(1+w) [1+ —L-)-lm 5+5 :]5
=0
exp-p' (l+w)6}d6. (40)

This equation is not analytically integrable except for w = 0. However,
an accurate approximation can be obtained. By rearranging the terms of

Eq. (40),

©

W(x,E ,0) = —= / A L+? 72 " L l'(l+<JL>)
T e/ e |, 20 g, T (1457

5§=0 '

exp{-p' (l+a>)8}d5- (L1)

A close inspection of the factor,

1+90 1

[ [1+ ?-%;—‘“)- 5 + 63]3[3 (148)3

23
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shows that it is a resonant type, where the resonance occurs for & = 1.
The larger the w, the sharper and higher is the resonance. The integra-
tion over this resonance can be performed accurately if the integrand
is accurately expressed in the region of resonance, and only approxi-

mately expressed elsewhere. Thus, we can rewrite our integral as
[+ ]

(1+w)? (1+5)3
§=0

W(x,Eo,w) Sp— J/. L p! (1+w) exp{-p'(l+w)5}d6

o

() | ([ 42030 5 , gaT 5 (149)
i 1+w

§=0 “"
exp{-p' (140} exp{-p* (1+0) (8-2) }as . (u2)
The term, exp{-p’(LHn)(S-l)}, can be approximated several ways in the

region near & = 1,

Approximation &

exp -p'(l+w)(8-l)} = 1.

Approximation b (43)

exp{-p' (1+w) (6~.1)} =1+ __(_)_214325 p' (L+w).
The second approximation 1s more accurate in the region ® = 1 because
both the value and the derivative match. However, either approximation
will produce the same integrated result. Therefore, using either approximation,

Eq. (42) can be integrated and yields



W(X’Eo,(b) = (l*lm)a ;P' (l-HD) + [‘P' (lm)fep'(lm)Ei(_pl (l'HD))

+ wp'(l«w)e-p'(L“D)s. (Lh)

This equation reduces to Eq. (18) for w = 0. Here W(x,Eo,w) can be
interpreted as the weighting function for the production of detected
bremsstrahlung at the depth x of the target per unit solid angle of
the detector, where the detector is oriented at an angle of ed off-axis.
Figure 6 shows three graphs of the welghting function for values of
w = EZGZ of 0, 1.0, and 4.0. 1In contrast to the on-axis bremsstrahlung
(a$ =0), where the bremsstrahlung is generated in the leading edge of
the target, the off-axis bremsstrahlung is generated at a deeper level.
The effect seen in Fig. 6 of the resonant termm for w, = 1 and w = L
shows the peak generation becoming deeper as the observation angle
increases. The physical significance of this resonance term can be
explained intuitively. For a given angular displacement of the detector,
a very thin target will produce & response given only by the angular
bremsstrahlung distribution. As the thickness is increased, the electron
scattering becomes greater, and a greater proportion of the more abundant
forward-generated bremsstrahlung (forward with respect to the scattered
electrons) will reach the detector. As the thickness is further increased,
a distribution equilibrium is established and the detected intensity falls
off monotonically. This effect can be more easily visualized by reorgan-
izing the terms of Eq. (LlL).

W(x,E,0) = T jp' (14a) + [0 (110 o2 Mg (L1 (1109 f

- §p'(1+w)e'P"l+“’)-p'<1+m)
(L+w)®

[pt (140) | &’ (g (-’ (110)) $ (45)
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The first term is a monotonically decreasing function for x increasing,

while the second term has a resonant characteristic, then falls off

much faster than the first temm.

C. The Weighting Function ~ An Approximation

Equation (45) is a complicated function of the thickness x. How-
ever, as shown in Chap. I, a simple, accurate approximation (~ 3%) can
be made that will lead to integrable results. At first inspection, it
seems coincidental that such an approximation can be made; however, a
similar result would have appeared at this stage if a resonable Gaussian
approximation to the bremsstrahlung angular distribution had been made
early in the theoretical developnent.8 Waiting until later to make the
approximation revealed how accurate the approximetion really was.

The term

p (1+0) + [p* (m)]zep' ()g (pr (140)) (46)

cen be rewritten in the following form

1

{ [uz“e‘Ei (~2) ]‘ x } Tes *

where

v = [p' (1) |

in the nomenclature of Chap. I. The term enclosed by the brackets in
Eq. (47) is a slowly varying function of x in the region where x

contributes significantly to the x integration. Thus,
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-1
W (x,E_,0) =~ 1«») [1 + §+ff> : (48)

where & is an average value. It is also interesting to note that w is
x=dependent, w = o exp{ - 28Xr; however, as ¢ << 5., for any value of x
which is large enough to cause a significant change in w, the w~dependence

of wl will disappear. Thus,

Wl(x,E s ) =-—l-;[l+ S.x]"‘. (49)

Using the same type of arguments stated above, the second term of Eq. (45)

becomes

Wy (x,E 0 ) = o _ ax) <1+ 5"‘)_1 . (50)

(l'HD )3 - 1+w

D. Thick Target Bremsstrahlung

Having developed the weighting function into an integrable form,
the intensity at the displaced detector, by analogy to the development

generated in Chap. I, becomes

t'
[4V]
aI(k,t) = -“—m-"s (x,E )e‘“(k)tf e 1 f+ °
of,, ax]) (1«1)0)3
T
1+w -
—2 e \x /- ——1 e P axax. (51)
ax axX
: 1+ 1l+w
[o]

Both terms decrease repidly when increasing x. Again, as D << &, the

integration for the second term is essentially complete before e-Dx

deviates fram unity. With little loss in accuracy,



t'

o) 8x (14w )®
° 1l + l-th o}
1+
1+w -( Y 1
— o e ax l- —_ dxdk. (52)
ax 1+ ax
l+a)o

Equation (52) can now be integrated directly, and leads to

_ nNk -u(k)t| 21
ar(i,t) = Bg (1,5 )eH

D(1+w)/ a 14w
—e Ei[ - ( - +t') D]
a ) a

l+(DO w 1+w at!
- Ei - —D|{+ .-_.0___ ~E.] - of . zn<l + ?_-4—(1) ) dk. (53)
a a.(l-Huo) * at' o

The exponential integrals in the first term can be accurately approxi-

nmated according to the development in Appendix D, then

a4t
ar(k,t) = 2 (k,E_)e u (k) zn(l + ‘;fw ) - 24n(1 + Dt'/2)
ap? o
o w -, T+w
- 20 +l° C-Zn(l+li:)>-Ei(-_°> dk (5k4)
l+wo +(Do o] at'

where C is Euler's constant. This development is based on the assump-
tion that either (1+wo) /& << t' or Dt' << 1, a condition that is always
met in the practical case. The second term is a correction that is negligi-
ble for (l+a)o) /at' << 1; thus it needs only to be evaluated for photon
energies approaching the energy of the incident electron energy or for

very thin targets.

E. Optimum Target Thickness

Equation (54) reveals that the optimum target thickness will be

dependent upon the detector's angular position. Consider the practical
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use of electron accelerators to radiograph high-Z materials. The target
will be tungsten or gold, and the absorption cross section for the object
will have & minimum of about 3.5 MeV. It is desirable to calculate the
target thickness that will give the maximum detected intensity for a
given angular position of the detector. The optimum thickness can be
calculated by using Eq. (C-2), Appendix C. Table I lists the various
pertinent parameters and the results for gold and tungsten for electron
energy of 25 MeV.

Fortunately, the detected intensity near optimum target thickness
is extremely flat and the optimum thickness can be taken anywhere between
2 and 3 g/c:m:a for either tungsten or gold targets with the assurance
that the intensity for any angular position of the detector will be
within a few percent of its maximum value. The target thickness can
be designated as 2.42 g/cm®, which is equivalent to 0.129 cm (about
50 mils).

The calculations for optimum thicknesses are not particularly good
because the maximum intensity is very sensitive to the approximation
made for W(x,wo) , especially for large values of x near the optimum.
However, because of the extreme flatness near the peak, this deficiency
is not particularly important and any value of x near the calculated
optimum will give the optimum response. Various factors that are
ignored in this theory could easily influence the optimum thickness
calculations; for example, the increased distance traveled by the
electrons due to scattering prior to thelr emergence from the target.
However, this effect, and probably others not included in this discussion,
will not affect the spectral distribution or the angular dependence to
any practical degree (probably less than a few percent). Therefore, no
attempt is made to increase the accuracy of the optimum thickness

detemmination.



TABLE I

OPTIMUM TARGETS

Target  E_(MeV)  u(k) (a/g)  &(an”/g) A(cm” /g) D(e”/g)
W(z=Th) 25 0.041 0.195 ~0.026 0.375
Au(Z=T79) 25 0.042 | 0.203 -0.027 0.391

Detector Position

Optimum Thickness (g/cm®)

@ = Ezefi W Au
0 2.06 1.99
1 2.25 2.18
L 2.51 2.h3
9 2.72 2.62
16 2.90 2.79
25 3.06 2.97
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F. Angular Intensity Distribution for Optimum Target

Equation (54) shows that the only factor affecting the relative

angular distribution is

{,@n(l + J.EZ;) - 2zn(1 + 9—121'-) - 1?(‘1’)—0 C} —;- . (55) ]

This function cen be evaluated for gamma rays of energy k = 3.49 MeV and
thickness t = t' = 2.42 g/em®. Because the only term which is a function
of kx is D(k) and its effect is quite small for small angles, the distri-
bution in the approximation is fairly independent of k. Figure 7 shows
this angular distribution evaluated for optimum thickness of target, for
values of a given in Appendix F, and for the value of D given in Tsble I.
The relative distribution for a differentially thin target is also plotted

for comparison.

G. Variation of the Spectral Distribution with Angle

Because the parameter D = 2§ (k) - pu(k) - A(k) is energy dependent,
there is a small variation of the spectral distribution with a change
in W the angular position of the detector. This variation is greatest
at the high-energy end of the spectrum. Figure 8 shows the spectral
distribution for W, = 0 and for w, = 9, the approximate half-intensity
angle, for an optimum thickness target. For a better comparison, each
curve has been divided by zn{l + at/(1 + wb)} - o /(1 +a). The two

curves have a nearly constant difference, thus making the percentage

change at the high energy end considerably larger.

H. Summary
Although many theories have been presented in the literature (Refs. N

L, 5, 6, 8, 9), all have a range of validity, and the assumptions are not
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‘all-inclusive regarding parameters now considered important in determining
the useful detail of the bremsstrahlung angular and spectral distributions.
The theory presented here has a range of validity for target thickness

from zero to infinity{ and for angular position from zero to angles larger

than the half-intensity angle. The final equation is

az(k,t) = gﬂfsl(k,Eo)e'u(k)t [{zn(l + iégi) - 2tn(1+ 22) . E;ggc}

(L) 4 lm - ]
-9 “E. (= Oy . Lnl.;._g;t‘_ + C . (56)
¥ Tea, { il at.) ( l+u)o>

Although the formula looks rather complicated, the second term is
small except when (1 + wo) >> at'. This occurs only at large angles, when
k is close to its maximum value 6%, or when t' becomes small. The condi-
tions for the validity of the first term is that (1L + wo) << at' or
(1/2)Dt', << 1, a condition that is always met in the practical case.

The leading term in this expression is

-k (k)t at’
dr(k,t) ~ 8 (k,E )e () zn(l + 3%5;), (57)

and can be compared with results obtained by others. The main differ-
ences in this expression are the new parameter t', which has been intro-
duced to replace t, and the engular dependence (1 + wo). Chegpter IIT
compares these theoretical results with those previously obtained by

others.
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CHAPTER III

IMPROVEMENTS IN DEVELOPMENT OF OFF-AXIS BREMSSTRAHLUNG THEORY

A, Improved Approximations

1. The Weighting Function.

In Chap. II only the first term of Moliére's theory for electron
scattering was considered. In some cases, however, experimental results
have been obtained in the region of large angles where multiple scatter-
ing might play a lesser role, and plural scattering could account for
most of the electron intensity. Examining this effect on the angular
radiation distribution for a finite thick target, more accurate Born-
approximation corrections have been applied to Moliére's theory by Nigam,

10

Sundaresan, and Wu.

Rewriting Eq. (40), using the corrected Moliére's theory as it applies

to relativistic electrons, the results are

o« 0

g 2 (1+8)as / 5 0 oyTiEsh)

(1+w)* (l . 2(1-w) s + 62i§
§=0

(1+w) 420

va

e-y[? + %gny - ;ggir-y + higher order term%]dy. (58)
P x

Not being satisfied that the various terms in Eq. (58) are analyti-
cally nonintegrable, many attempts have been made to solve them exactly.
These attempts have failed. However, in the mathematical exploration, an
approximate derivation has been found that gives results similar to Eq. (37)
and which agree more closely with the experimental data. This convincing

derivation follows. Consider only the 6 intergral of Eq. (58)



(1+6) 3 JO(ZyiR,%G%)dG (59)
(1 + 2 %—1——&%- § + 52>

+
§=0

and let 67 = I, L= 2yi"£é', A% = (1-w)/(1+w) for w < 1, end
A? = (w-1)/{wtl) for w > 1.

Making these substitutions, the integral becomes

Lim 2 (1+£2)z’l'
>1 3 (b“«:gAzzZ + 3

=0

5 ()t e, (60)

where b is introduced as a free parameter.

Because
1
- %3'%' (6% & 28752 + 14)7 T = (b4 & 24252 4+ £%)F
and
1 4 _ )
Tok an (P" *2A%22 4 3) T g2+ 2n252 4 54)” 2,

Equation (60) can be rewritten as

=]

Li 1 1. d 1 d -
b iml i L}G TRTUR db) [Ei(bk s s e %JO(LX)(LE)ir or. (1)

=0

This can be directly integrated using Hankelll transforms

R R IR RTINS

Carrying out the indicated differentiations, collecting like terms,

letting b + 1, and substituting for A% and L, the integral becomes
(1+w) ( m%p%y%) ( p}y’}) 2p§'y%. (63)

Substituting Eq. (63) back into the expression for the weighting function,
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Eq. (58) then becomes o

W= / b JO(Qw%p%y}) Kl(zp&y%)gpﬁy&e-y

y=0
l+lf,ny— ora &-+h' d. L 6
B ;Eir—-y igher orders of B dy. (6h)
X

This expression for the weighting function represents the convolution
of the electron-scattering angular distribution and the bremsstrahlung
sngular distribution as a function of the thickness ( ~ 1/p). This expres-
sion has not been analytically solved; however, the various terms have been
evaluated by computer, and the terms in the various powers of 1/B contribute
only a few percent to the weighting function for small angles less than 10°.
These small contributions will be ignored in the light of the epproximate
nature of the bremsstrahlung distribution for larger angles. The results
indicate that the long, angular-distribution tail of the electron scatter-
ing contributes only slightly to the angular-distribution tails of the
thick taiget bremsstrahlung.

Thus , the weighting function reduces to

W= / pJ o<2w§-p%-y’}> Kl(2p‘}y%->2p’}y’}-e_ydy. (65)
y=0
2. Weighting Function - An Approximation.
Being unable to integrate Eq. (65) analytically, an approximate means
of arriving at a simple, accurate solution was used. First, this equation

was solved for zero angle {(w = 0), which can be done exactly.

Weo = / pKl<2pJ‘"y%)2p%y}e'ydy =p+ p’-epEi(-p), (66)

y=0

where Ei(—p) is the exponential integral. However, this form is very

difficult to menipulate; therefore, to simplify it, the terms are rearreanged.



W_ = P . (66a)
w=0 P +; P

=D
P+ pzepEi(-P) }

The term in brackets is a slowly varying function of p, which varies from
2 for p >« to 1l for p + O. 'However, as W is little influenced by the
bracketed term for large values of P, an average value can be chosen with

only a small error introduced in the region that will prove important

Moo * irf}—;, v = 1.15. (67)

A better approximation, which was considered but complicated some of the

succeeding mathematical operations, is given here for reference. The

error is only a few percent over the entire range of p.

( ) (3+ 7/ 5)/2

W pip *+ 1 . (67Ta)
=0 (p + «)(p + 1)

- PR (3-7/75)/2

Y
]

>
1}

Next, consider the integral of Eq. (65) in the region where p >> 1. This
is the region of greatest contribution to the transmitted intensity. The

integral is rewritten as

Vs w ™ j{ P Jo(2w%b%&%> Kl(ép%&%> EP%&%ay- (68)
y=0
Note that p1 has been substituted for p to approximate the effect of the
term e for the smaller values of p, and is evaluated in the following

development. Equation (68) can be solved exactly and reduces to

1
W, L= : (69)
P Pl 2
1+ wl
by
If one demands that Wp 3o = Ww =0 for w = 0, then p1= p + v and
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- - plp + a) - D [ _ wp ] . (70)
p*>® B]_+ w)p + v]Z (1 + w)p + v [(1 + w)p + v]

Equation (70) is not a bad approximation for p - O. This can be seen

by letting
: -¥yp
vl A WS
= 1
Wp+ o /p JO(Zw P y)e dy, (T1)
y=0
where p is now chosen to approximate the effect of the K (2p%&%)2p%§%
1 1

term for small p. Or, upon integrating Eq. (1),

- wp/p
o 1 |
R (72)
1
If one demands that Wb +0° Ww =0 for w = 0, again Pl =p+ vy, Or

- _p _-wp/ . 2.2
wp >0 ptuy© (p+v) = T ﬁ)p . [1 - ?;9:2;77-+ .,]. (73)

The second terms of Egs. (70) and (73) are nearly the same. Because the
second term is only a correction to the identical first terms for W, then
consider a new second term which will, in the limits stated, reduce to

values indicated in Egs. (70) and (73). Consider

wp _wp[(1 + w)p + y] (7h)
(1+ wp+y {1+ wp+vl®

and allow the y term in the numerator to be zero, then

w(l + w)p? W

e s up+ v T+
P ?*o




and

. 1+ w)p? (1L + w)wp? (75)
Lim w( -+ wp Z wlp2
vl b= .
p+o (1¥wlp+y] v
v =1
w large

Thus, the equation for the weighting function can be approximated closely

for all values of p, that is,

2 1 (1 + w)p?
Y +Pw)P + v [l - [(? + w); f V]z] y (76)

3. Relationship of p to the Thickness x.
In order to prepare Eq. (76) for integration over the thickness

parameter, x, one must find the x-dependence of p. Drawing from the

previous parts of this report,

_ 1
P = 5357 (77)
1 X
where B = ln{l.lczln 1-hC2},
g2 = Kz(ezg" - 1>/2s .
K, = 22002%’(2 + 1)/A,
and 6 = Kl(ezgx ) 1)/2g * 2u%ED
K, = 0.314%(Z + 1)/A,

2 = Ege_zslx .

These equations are based on the fact that the electron's energy falls
off exponentially in the region of importance. One can further simplify

Eq. (77) by assuming an average value for B because it is a slowly varying




b2

function of x in the region where p will have its effect on W. Also,
2 x << 1 for any practical thickness which contributes to the intensity

from a thick target. Making these good approximations yields

p = 2u2/Klee_£x = u/g.xe_gx. (78)

One evaluates a by choosing an epproximate value of p which represents

the effective depth of bremsstrahlung. The previous chapters show this

to be in the region of p = 0.1. Using this value for p, v = 1.15, assuming &x »+ O
for this depth, and using the relationships shown by Eq. (77), a can be

solved.

a= 1L15K,/¢2

where gé is determined by

2 2 2] =
t2en{1.122en 1.%22} = 5.20K,/K,. (19}

Graphs of this function, Appendix F, can be used for solving for a for the
particular material used as the target. For example, gold has a value of
166.9 cm?/g. In contrast to the Chap. II results, this derivation finds
a to be independent of w, thus simplifying the results.

4, Thick Target Bremsstrshlung.

Having developed. the weighting function into an integrable form, now
write the intensity at the angularly displaced detector by analogy to the

development generated in the previous parts of this report.

aI(k,t) = lec—sl(k,Eo)e'“(k)t

t'
1 3 -
[;ﬂ o T T e o e (8o)

x=0



Recalling that p = 1/ax and that & >> 1, the integration of the second

term is essentially complete before exp(-Dx) deviates appreciably from

unity. By the same line of reasoning, w = woe-2gx can be replaced by
o

w, in the second term; thus, the integral portion of Eq. (80) can be

written
t! t!
w (1 + 0w )p3
ho -Dx _ 0 b
/(1+w)p + v dX+f [(1+wo)p+f\)T5dx‘ (1)
x=0 x=0

Consider the first term and make the substitution p = \)/'z§.xe_gx and again

zgx. As ¢ << a, for any value of x, which is large enough to

w=we
o
cause a significant change in w, the w-dependence of this term will

disappear. Thus, the first term can be rewritten with essentially no

error -t t
1 ax 171 -prx
T+ w [l *T¥ o ] e A
o] (o]
=0
D'=D-¢=¢ - ulk) - a(k). (82)

By enalogy to the development in the two preceding chapters, the first

term becomes
1 at ! D't D'(L + w )/a
;3£n<l + —_l ” “’o)- 29.n(1 + —2—'—) ;e o) . (83)

The second term is straightforward and, after integrating, becomes

w

1 0 1

5;(1+w) 1+ at! -1l (84)
° 1 + wo
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The final equation can now be written

dI(k,t) = -E—le‘-sl(k g Je- Mkt
[zn(l . B )_ A D't')]eD'(l +w)/a
0.
w w - -
b 2
T 2(1 +ou) ) + 2(1 +ow ) [(1 + 1a+ o ) ] . (85)
() (o] o}

This equation is similar to Eq. (54) of Chap. II, except that now a is
not wo—dependent and the final term is simpler and more accurate. It

is comforting that the approach used in developing these two equations
is completely different, yet, to better than a first order, the results

are the same.

B. Experimental Verification

1. Comparisons of Experimental Results.

The comparisons are restricted to the experimental results obtained
by Lanzl and Hanson.8 Their results were obtained from a well-designed
experiment using the 20-MeV University of Illinois betatron. The theoreti~
cal equation must be corrected for the geometrical arrangement of Lanzl
and Hanson.,

The most important correction is to compensate for the condition of
the beam incident on the target. The theory, as developed in part A of
this chapter, was based on en incident beam of parallel rays. In the
experiment, the beam from the betatron traversed the thin aluminum walls

8

of a monitor, presenting an incident beam estimated by Lanzl and Hanson

to have an 1l/e width of 0.78°, The scattering theory incorporstes a Gaussian

function in Moliére's leading term for electron multiple scattering, the

incident angular dependence cen be approximated by allowing Molidre's



Gaussian term to generate this angular spread without allowing Eq. (85)
to contribute any bremsstrahlung. This is done by replacing the zero

lower limit of Eq. (85) by ti’ obtained from Moliére's Gaussian term,
-02 /2R
e 0 /elB’ (86)

by letting ez/efB = 1, and by using the various relations of Eq. (77)

to derive

= 72
t, ce/Kz. (87)

The upper limit then becomes t' + ti to properly account for the thickness

of target traversed by the electrons.

Let Eq. (85) be rewritten in the form
_ nlNk -u(k)t ,
dI(k,t,wO) = ;g—sl(k,Eo)e L(t ,wo),

where

ot ! 141 -
L{t', w) = [!I.n(l + IL:T)- 22n(l + 221—)] AR ENIE
‘ o]

“s Yo at' Y2
- + —
51+ ) 2(1+mT(1+1+w)- (88)
o o o]
Thus, the geometrically corrected differential intensity as a function
of photon energy, k, thickness, t, angular displacement of the detector,
wo, and the geometrical correction factor, ti’ becomes

= niNk -u(k)t
dI(k,t,mo)corr R(k) z;—sl(k,Eo)e

{L(t'ti,wo) - L(tiwo)} . (89)

The R(k) multiplier has been added to account for the spectral response

of the detector. Although a correction for the finite entrance aperture
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of the detector ( ~ 0.9°) would slightly ( < 2%) improve the results,
the complications involved preempted meking the calculations. The

intensity as seen by the detector becomes
k=EO )
-u(k)t .
Hte) = [ RGOS (e,m )M (o + v 00) - Ditye ek (90)
o ap 1 o}
k=o

It is Eq. (90) that will be compared with the experiment of Lanzl and
Hanson as a verification of the correctness of Eq. (85).

2. Angular Distribution.

The relative angular distribution can be obtained from Eq. (90).

I(t,wo)

A(t,mo) = TTE?ET- . (91)

Consider the condition where the thickness t < 1 gm/cm2 for a gold
target. Under these conditions, t' = t for practically all values of k,
making L(t' + ti,wo) - L(ti,mo) essentially independent of k, thus

- \
Lt + ti,mo) L(ti,wo

A(t,mo)t <1 Tt + ti,o) = L(ti;ofL . (92)

Figures 9, 10, and 11 show the angular distribution for gold thicknesses
of 51.5 mg/cm?, 247.1 mg/cm?, and 967.0 mg/cm?, respectively. For the
smaller thicknesses, the agreement is remarkably good. Here the theory
of Lanzl and Hanson fails for the larger angles, primsrily because their
two-Gaussian approximaetion for the bremsstrshlung is not accurate enough.
For the thicker target ( v 1 g/cmz), both theories agree with the experi-
mental data.

For the very thick targets, the theory of Lanzl and Hanson does not
apply because there is no provision for apparent thickness, t', as s

function of photon energy, k. The angular distribution, in this case,
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can be written

E
(o]

ik -nu(k)t ' - o )lax
=k__foR(k);;—sl(k,Eo)e {L(er + t,m ) - L)} (93)

1 E
foR(k)%Sl(k,Eo)e-U(k)t {Lisr + t,,0) - L(ti,o)}dk
k=0

A(t,wo),c 5

In order to evaluate this expression, some knowledge of R(k) is necessary.
For the ion detector used, the response is more nearly proportional to
the number of quanta rather than the intensity because the ion detector
is very thin compared with the mean free path of the secondary electrons
involved. Consequently, R(k) is not a very sensitive parameter, and it

is assumed that R(k) is proportional to 1/k. Thus,

E
(o]
f sl(k,Eo)e'“(k)t {Lt" + £ 50 ) - L(t, 0 )}ax
At ,w ) =0 . (9k)
M (k)
f s, (k,E Je [t + t,,0) - L(ti,o)}dk
k=0

Figure 12 shows four points calculated by using Eq. (94). The integra-
tion indicated was computed graphiceaelly for the four points shown, and
the experiment and theory agree within experimental error. No comparison
could be made with the theory of Lanzl and Hanson since their theory is
not valid for this thickness.

3. Central Yield.

Another interesting comparison of theory and experiment is the central
yield as a function of thickness. Consider Eq. (90), with w = 0 and

R(k) ~ 1/k

E
I(t,0) v J{

k=0

) | |
—u(k)t | o
5, (K,E_)e {Lis' +t,,0) - L(s;,0) L. o

!

(95)
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Figure 13 is a plot of the central yield, as calculated by Eq. (95)
indicating the experimental points of Lanzl and Hansan. The experi-
mental and theoretical curves are normalized near the peak value.
Again, the agreement is well wi#hin the experimental tolerances.

4. Spectral Distribution.

Although there are no experimental data on the spectral distribution
as a function of angle, it might be interesting to plot the intensity
distribution that one could expect from a thick target. Using Eq. (85),
the spectral distribution for a T250.7 mg/cm2 gold target is displayed
in Fig. 14 for various angular positions. It is evident that the
spectral distribution is essentially independent of angle, except for

the high-energy tip.

C. Summary

It has been demonstrated that the differential intensity from a target

of any thickness can be represented by the equation

aI(k,b,0 ) = Bl (k’Eo)e-p(k)t

o

i

Nk
E: 1
at ! 140 ' =
~[m(1 o) o s 2;_)] D+ )
g

s ' at' \2 |
-Q-(m:y[l-(“ﬁ—w;)]dk- (96)

It is estimated that the error in Eq. (96) is a few percent. This
equation assumes that the rays in the incident beam are parallel.
Corrections can be accurately made for an incident beem having a Gaussian

angular distribution in the manner developed in Chap. III, part B.
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For most practical purposes, Eq. (96) can be simplified by letting

D' be equal t¢ zero. Thus, ignoring the second-order effects of the
electron-energy gradient, absorption coefficient, and differentisl

bremsstrahlung, Eq. (96) can be simplified to

at ' do at' |2
o\l + T wo> T 2(1+ wo){-l - (l 1A wo> k. (96a)

The error in Eq. (96a) is estimated to be sbout 10 to 15%.

D. Thin Target Approximation

For thin targets Egs. (96) and (96a) reduce to

nlNk

1
t+o0 p ;sl(k’Eo) Zl+w052 b dk

13

dI(k,t,wo)

{§

n{yg—}kosdk, (96b)

where n is the number of incident electrons, gi-is the number of atoms

or scattering centers per cmz,and kos is Schiff'sh bremsstrahlung cross

section (em?).

E. Thick Target Approximation

For most practical cases, the target thickness is chosen to produce
optimum intensity. This is in the region where t > 1 gm/cm2 for high-7

material. In this range an approximate equation is

_ nlk —u(l)t at! Yo
dI(k,t,wo) = 5 Sl(k,Eo)e ;2n<% * T “o> - Iy wo) %dk. (96¢)

The error is probably 10 to 20%. 55
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APPENDIX A

B - Approximation

Moligre's theory gives an equation defining the parameter B as:

B - 2nB = gnzZ - 0.15h,

By inspection, the asymptotic value for Bas § + « is B = nz?.
assume

B = nz2 + A(z2),

and substitute back into (A-1l) and solve for A(z2).

A(z2) = 2n[0.8573{2nc2 + A(;2)}].

(a-1)

Thus ,

(A-2)

(A-3)

As A(z?) is a very slowly varying function of z2, one can further

assume that A(z2) has the following form

A(z2) = gn{a 2n(vz2)}

or

B = sz.n[ac2{zn(br,2)}].

Values for a and b are chosen to give a best fit to the wvalues

(A-L)

(A-5)

derived by Molidre (Tsble A.I). The error of this approximation is

less than 1% over the entire range.



TABLE A.I

Values of B
a= 1.1 b=1.k
r > 101 102 103 10% 10° 108 107 108 10°
Moligdre 3.36 6.29 8.93 11.49 13.99 16.k6 18.90 21.32 23.71%
Approxi-
mation 3.37 6.29 8.98 11.56 14,08 16.45 18.92 21.35 24,07

¥This value as tgbulated by Segre is probably in error.
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APPENDIX B

Effective Depth of Bremsstrahlung Generation

Fortunately, as can be inferred from the derived weighting
function W(x) (Fig. 1), the primary contribution to the detected
bremsstreshlung is generated in the thin layer of target material
facing the incident electron beam. The effective depth, T, can be
approximately calculated by use of the weighting function W(x).

Examination of W(x) and Sl(k’Ex) show

W(x) = (1 + ax)”}, (B-1)
and
fsl(k,Ex) dk ~ E}‘{3°5 .
k=0
If one arbi{:rarily defines the effective depth of bremsstrahlung,
T, to be the depth at which one-half of the total detected intensity

is generated, ignoring absorption, then

T o
E 3.5 E 3.5
2.8 - x _
fl+a.xdx_ T o 4 (B-2)
k=0 X=T

It is assumed that Ex varies exponentially, which is a good approxi-
mation considering the thin layer in which most of the primary redi-

ation is generated. Then

f exp{-3.5yx} dx =f exp{-3.5xx} dx (B-3)
1+ ax 1+ ax '
x=0 X=T




Here £ is the electron decsy parameter as defined in Eq. (29).

Equation (B-3) can be directly reduced, that is,

e ool 2liha]

(B-L)

Because the arguments of these exponential integrals are both << 1,

Eq. (B-4) cen be simplified.

QE, R m3(§+ T)s.sg{] s o zjs_sag

wvhere ¢ 1is Euler's constant, 0.5772.

Solving for the effective depth,

Example: For tungsten,
’

§ =
a = 165.3 cm?/g
C = fnec = 0.5772

0.06L g/cm?.

Therefore, T

(B-5)

(B-6)

= 0,1956 cm?/g (value obtained from Vena'ble12 and Eq. (29))
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APPENDIX C

Optimum Thickness

The optimum thickness target would be that thickness which pro-~
duces the greatest intensity at the detector after passing through an
object. As high-Z materials of considerable thickness have a minimum
sbsorption cross section in the region of 3.5 MeV, it is desirable to
calculate the target thickness that will give the maximum intensity
at this energy. From the development of Eq. (54), the detected inten-

sity 1is approximately proportional to

Q=M ; Q,n(l + AL+ u ) 2m(1 + Dt/.?.) 2 . (Cc-1)

The maximum intensity will occur when

49 _ 4 a _ D
dt (l + w ) + ar 1+ Dt /2
o o o

- u’gn[l + ‘“o/<l + “’o)] - 22n(1 + Dr) $ = V(ro). (c-2)

The equation is solved by using Newton's approximations, knowing

approximately the optimum thickness. Thus,

Vit

O
= Y% " T )/dt ’ (c-3)
(e} (o}

whereé T is the optimum thickness, and to is an approximation. Should

the first spproximation be too great in error, the process may be iterated

for increased accuracy.

Example: For tungsten at energy 3.49 MeV,
a = 165.3 cm?/g
A = 0,3717
p = 0.0408 cm? /g
t = 2.0 g/cm?
o
0= 0.



Using these paresmeters t_ 2 2.07T46, by iterstion T, = 2.083L.

Therefore, To

tungsten,

= 2,08 g/cm?, which is equivalent to 0.1112 cm of
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APPENDIX D

Exponential Integral Approximetion

The terms

(R0 SRR B C ) B

can be expanded into

=
e

|

P

o]
0
P
o |

+

ct
~——”
P

[

Py

=

|

N

oy
~——

+

1\ 3
1 ® ; A+ u - 28
- R.n]c(;>(A +u - 2&)! + 3 ik
J = A

=2,n(l+ at') +t'(A+u-2g)+ 2 515
\2 2
(% (A+u —2'5,')
- 515 + vee . (D-2)

However, 1/a << t' except when t'(u + A - 2¢) << 1, again simplifying

SIay

ST e POR/PRRN Y o) L LELL. KU

or

) lre-ad,

ZEi=zn(1+at')+2;%t'(A+u-2g)+ S



The series in the brackets now appears as an approximation to the

expansion of a logarithm function, thus

YE = !Ln(l + a.t') - 22.n(l +%t'(2§ -y - A)).

(D-k)
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APPENDIX E

Useful Data
3.5 MeV Bremsstrahlung
Spectral Distribution Intensity (Tungsten)
Opt imum Infinitely
Photon Thickness Thin
Energy Intensity* Intensity¥#¥ Thickness Intensity¥*
0.00 MeV 0.00 0.0419 0.00 g/cm? 0.00
0.49 3.99 0.2765 0.02 1.27
1.49 4,43 0.3806 0.0k 1.75
2.49 4,31 0.4437 0.06 2.06
3.49 4,16 0.4861 0.10 2.46
4.49 3.99 0.5166 0.40 3.49
5.49 3.83 0.5399 0.80 3.90
6.49 3.67 0.5591 1.00 k.00
T.49 3.53 0.5781 1.20 4.06
8.49 3.40 0.592k 1.%k0 L.11
9.k9 3.28 0.6086 1.80 4,15
10. 49 3.17 0.6254 2.00 4.16
11.49 3.06 0.6431 2.10 4.16 Optimum
12.49 2.96 0.6620 2.20 .16
13.49 2.87 0.6824 2.40 4,15
14.k9 2.78 0.7043 2.60 L,1k
15.49 2.70 0.7278 3.00 h.11
16.49 2.60 0.7531 3.50 %.05
17.49 2.46 0.7801 4 .00 3.99
18.49 2.32 0.8089 5.00 3.84
19.49 2,14 0.8395 6.00 3.69
20.49 1.92 0.8720 7.00 3.53
21.k9 1.64 0.906L 7.38 3.47 Maximum
22.49 1.26 0.9k26 8.00 3.38 Electron
23.49 0.74 0.9807 9.00 3.24 Penetration
24,49 0.00 1.0000 10.00 3.12
nNTE?
¥Intensity in units of = moc2
nNTE2
##¥Tntensity in units of 2 adx moc2

Intensities will have the same dimensions as assumed for mocz.



APPENDIX F

Calculation of a

To analytically calculate an aversge value of a(x) is very
difficult. A calculation of =2 in the region where p = 0.1 will
be considered sufficient. This is in the proper region of X
that approximates the effective depth of generated bremsstrahlung
(Appendix G). The value of a allows the weighting function to be
accurate to a few percent in the region where the weighting function
contributes the greater part of the x integration.

Equation (79) is needed to calculate a.
a = 2 L
a = 11.5,/¢2, (F-1)
where 52 is determined by
2 2 21 - : "
Eezn{l.lgezn 1.&58} 5.20K2/Kl. (F-2)
The easiest way to determine a for the above equation is by
graphical means. Figure 15 is a plot of the function given by

Eq. (F-2). Using this graph, the value of a for gold has a value

166.9 cme/g.
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APPENDIX G

Effective Depth of Bremsstreshlung Generation

Following the pattern outlined in Chap. I (Appendix B), the
effective depth of bremsstrshlung, T,.iS defined to be the depth
at which approximately one-half of the total detected intensity is
generated. The equa£ion, which includes the effect of the angular

displacement of the detector, w,s is

T - 3.5Ex . (1+wo)/§._ -3.5¢&x
'}r ae — dx - (l o) > ./F ae ax
l+w + ax 1+ 1+ w0 + ax
0 o 0
x=0 x=0
* _ -3.5&
=] 22— ax. (6-1)

1+ W + ax

X=T

The second term accounts for the resonance effegt. The solution to

this equation is obtained in a straightforward manner similar to that

used in Chap. I.

w /(1 +w)
(l+wo)20 ° ‘%— 1 +w
T = - - —2 (¢-2)
3.5 ca a

where ¢n ¢ = C = 0.5772 (Euler's constant). Using the values of a
from Eq. F.I, the values of effective depth vs angular displacement
for tungsten are tabulated in Teble G.I. Practically the same values

would be valid for gold.

TABLE G.I

EFFECTIVE DEPTHS FOR TUNGSTEN

T = 0,06 0.10 0.16 0.22 0.27 0.31
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Nomenclature

ol

f(ee,x,Eo)

be

APPENDIX H

Roughly proportional to the mean square deflection
gradient and is given by Eq. (23) and Eq. (79).

Units: cm?/g.

Reciprocal of the electron total energy squared a = Ex-z.
A constant used in approximating the electron energy
degradation in the target. B8 is the slope of the
electron differential energy loss vs incident kinetic
energy curve.

Constants defined by Segré3 to express details of the
Moli2re theory for particle electron distribution, Egs.
(6), (10), and (11).

C = fnc = BEuler's constant = 0.5772.

Distance of detector from target. Units: g/cmz.

Differential thickness of target. Units: g/cm?.

Defined by ¢

212 /(1 +
eeEx/(l w) .

Defined by D

2t - u(k) - a(k).

Defined by D' = £ - u(k) - a(k).

Related to bremsstrshlung gradient and given by Eq. (31)
Units: cm?/g.

Total energy of the incident electrons and of the
electrons at the penetration x. Units: mocz.

Kinetic energy of the incident electrons and of the
electrons at the penetration x. Units: mocz.
Fractional electron angular distribution, fm(e,x,ég)

is Mott'52 formuls,.

Angular displacement of the incident electron with respect

to the axis. Units: radians.



S(k,x,ed,Eo)
t

-t'

Angulsr displacement of the emitted photon with respect
to the axis between the direction of the electron and the
photon. Units: radians.

Angular displacement between the axial planes containing
ee and ed. Units: radians.

Angular displacement between the axial planes containing
ee when ed = 8. Units: radians.

Photon energy. Units: mocz.

Linear absorption coefficient. Units: cmz/g.

Number of incident electrons.

Number of atoms in target. Units: atoms/cm3.

The electron energy loss gradient in the target, given
by £ =8 + (o/ éb). Units: cm?/g.

Defined by 1/36?.

Defined by ap.

Density of the target. Units: g/cm3.

Thickness of s = t - x. Units: g/em?.

A constant used in approximating the electron energy
degradation in the target. The zero energy intercept

on the ordinate is o.

Differential bremsstrahlung cross section. Units: cm2.
Thickness of the target. Units: g/cm?.

The lesser of the following: t, the thickness; or

o + éBB

8" T Rs

; » the distance traveled by an electron in

the target with initial kinetic energy €L and emitting

a photon of energy k at the end of its range.

The effective depth for bremsstrahlung production. One-half

bremsstrahlung intensity is produced at a depth less than
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T, one~half at penetrations greater than 1. Units: g/cmz.
The optimum thickness. The depth of penetration at which
the greatest intensity will be observed at the detéctor.
Units: g/em?.

Angular displacement between the axial planes containing
ee and ed. Units: radians,

Interpreted as the weighting function for the production
of bremsstrshlung at a given angle at the depth x per unit
solid angle.

Thickness of the electron penetration depth.

Defined by w_ = egEi, w, = egE(?;.

Atomic number of target material, of impinging particle

(electron, z = 1).
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