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PREFACE 

This volume i s  an introduction t o  work on the theory of neutron 
diffusion carr ied out under the auspices of the  B r i t i s h ,  Canadian, 
and United S ta t e s  wartime atornic energy projects and the U, S. Atomic 
Energy Commission. 

The subject matter is based on a series of lectures  delivered by 
George Plaozak during the summer of 1949 a t  the Rand Corporation, 
Santa Monica, California,  and a t  the University of California a t  Lo8 
Angeles, Those lectures  were erponsored by the Lo8 Alamos Sc ien t i f i c  
Labor a t  ory . 

Fredaric de Hoffmm recorded the lec tures  and from these pre- 
pared a f i r a t  d r a f t  of $hie volume. K. 14. Case, aided by George 
Placzek, carried out the  major work of amplifying and adding new 
material  t o  the  book. Thuer the  final. version of  t h i s  volume wa8 
writ ten by K. M. Case. Numarioal work preeented here is based p&Iy 
on wartime reports  but is largely computational work done gince 1949 
a t  the Los Alamos Sc ien t i f i c  Laboratory. 
carr ied out under the aupervision of Bengt Carlaon and Max Ooldstsin. 

These computations were 

We wish t o  thank t h e  Rand Corporation f o r  itrs hosp i t a l i t y  i n  the 
summer of 1949 and sxprees our appreciation t o  Ralph Car l i s l e  Smith 
of the Loa Alamos Soient i f ic  Laboratory for  his i n t e r e s t  and help. 

Our thanks a re  alao due t o  Helen Steams,  Jane Amenta and Louis 
Jacot f o r  t h e i r  help i n  preparing the  nmuacript. 

i 



CONTENTS 

1 .  

% . INTRODUCTION . + 

1 . Definitions . . . . . . . . . . . . . . . . . . . .  
B . PROPAOATION IN THE ABSENCE OF SUATTWING COLLISIONS . . . . .  

I. Streaming i n  Veoum . . . . . . . . . . . . . . . . . .  
2 . Continuity Equation . . . . . . . . . . . . . . . .  
3 . Souroe-Free Streaming . . . . . . . . . . . . . . .  
4 . sources . . . . . . . . . . . . . . . . . . . . . .  

XI . Purely Absorbing Medium . . . . . . . . . . . . . . . .  
5 . Conaaquencss of the Continuity Equation . . . 
6. Point8ource . . . . . . . . . . . . . . . . . . .  
7 . PlmeSouroe . . . . . . . . . . . . . . . . . . .  
8 . Shell. Source . . . . . . . . . . . . . . . . . . .  
9 . Remarks on the Reoiprocity Theorem . . . . . . . .  
10 . Eecape Probabilities . . . . . . . . . . . . . . .  

10. 1 Chord Method . . . . . . . . . . . . . . . .  
10.2 Slab and Sphere . . . . . . . . . . . . . . .  
10.3 Infinite Cylinder . . . . . . . . . . . .  
l0.b Hemisphere . . . . . . . . . . . . . . . . .  
10.5 Oblate 3pheroid . . . . . . . . . . . . .  ' . .  
10.6 Diaauasion of Results . . . . . . . . . . . .  

C. ONE VELOCITY THEORY OF NEUTRON DLFFUSION 0 . . 
I11 . Equation8 for a General Medium . . . . . . . . . . . .  

The Tramport Equation and Some of Its Properties 
12 . Integral Bquationrr . . . . . . . . . . . . . . . .  11. 

IV . Unifmm I d i n i t s  Medium with Sraotropia Scattering . I .  . 
13 S O U W ~ - F F ~ ~  Solution . 0 0 . 
It . Irsotropic Point &xm,s . . . . . . . . . . . . . .  
G . Iaotropio Plana SQU~OB . . . . . . . . . . . . . .  
16 . Anieotrapio Sources . . . . . . . . . . . . . . .  

16.1 Anisotropio Plane Source . . . . . . . . . .  
APPENDXXA . . . . . . . . . . . . . . . . . . . . . . . . . . .  

16.2 Anisotropic point Souras . . . . . . . . . .  

APFENDnB . . . . . . . . . . . . . . . . . . . . . . . . . . .  

1 

2 

4 

4 

4 
4 

11 

17 

17 
20 
21 
22 
23 
24 
30 
33 
40 
48 
52 
57 

61 

61 

61 
68 

69 

69 
9k 

4 0  
153 
uj3 
161 

A 1  

B 1  

C l  

ii 



A INTRODUCTION 

The obJect of the theory t o  be dlacuesed here Ira the deter- 

mination of the d is t r ibu t ion  of neutron8 i n  space, and time i n  terms of  

the geometrical configuration and the  physical properties of the  medium. 

We will l i m i t  oureelveer t o  0130 velociky problems ia which it is Eessuwd 

that the magnitude of the neutron velocity I s  uzzchmged on col l i s ion .  

Application of this  theory t o  the diffusion of t h e m 1  neutrona 

impllem neglect of the velocity spread. 

ment of fast neutron problem omits slowing down effects. 

mations are eeldom f u l l y  Justifiable. 

pear t ha t  a very detailed development of the one velocity theory ie of 

Similarly the one veloci ty  t r e a t -  

These approxi- 

In view of %hie f a c t ,  it m i g h t  ap- 

somewhat doubtful value. Bow@ver, such a conclusion would be Incorrect,  

Certainly the one veloci ty  problem mist be eolved before one can hope t o  

include the effects of chraagee of the magnitude of  the velocity. Moreover, 

one veloci ty  theory can be urned dlrectly fo r  the Bolution of more general 

problem. Thus the problem of falawing down by elastic collieions can be 

reduced t o  a one velocity problem by taking a Laplace Transform i n  tho 

energy. !Ihe Laplace Inveraion of the solution of the Q~I@ velocity problem 

can be succesofully carr ied out desglte the dependence of the ecat ter ing 

law on the transform variable. 

Sn addition, the genered QueeJtion of the difiusion of' ncsutrone 

with energy change may be! treated by dividing  the  neutrone i n t o  velocity 

groups. The neutrone i n  each group w i l l  then be described by one velocity 

equations with sources whlch depend on the n@utronsl of the other groups, 

Par t  B of the discussion ie of a preparatory nature. After de- 

' scrlbing strewing i n  vacuum, the motlon of neutrona In absorbing non- 

scat ter ing media i t a  considered. Though re%her trivial, thle past does 



have prac t ica l  applications f o r  the treatment of problems involving holae 

and pure abslorbere. O f  somewhrat greater irnportsnce I s  the opportunity it 

affords t o  introduce analytical methods ueed i n  Part C i n  a par t icu lar ly  

simple and obvious form. Moreover, many of the formal r aeu l t s  obtained in 

B can bs carr ied over d i rec t ly  t o  C. 

I n  PBrt C we come to the general problem of one veloclty neutron 

diffUBiOne 

1. Deflnitione 

The neutron a l s t r ibu t ion  l e  characterized by the w u l a r  densitx 
+ - t  

Cy (r, A , t ) ,  the number of neutrone per unit  volume and un i t  solid angle 
3 -  

moving In  the direct ion of the un i t  vector f i .  r and t denote the spam 

coordinate@ and the time,rserpectively. 

current 

Directly r e l e t ed  to p € 6 )  the angular 
3 -t 

v IZ p (f; n , t).  The ma@nitude of %his vector 3.r~ the number of 

aautronaa crossfag unit  area perpendicular t o  the direct ign of ;per W l t  

time and unit  s o l i d  angle. 

The Integrals  of' the angular denaity and angular current over all 
-k 

direction6 r ~ .  are the density p I the number of neutrons per un i t  volume, 

and the  current j,resgactively. The magnitude of the, vector j l a  the 

net number of netutrona croesing 8 unit area perpendicular t o  j per uni t  t i w e  

+ -t 

-f 

Thuls : 

If neutxon8 a re  being created In the medium the detmuimtion 

of y /  requires knowledge of the 8ource dia t r ibu t ioa ,  

t i on  will be characterizad by the angular 80urce deneity ~ ( r ,  Jl, t )  which 

Fep&eeente the number of neutrone of direcLion fi produced per unit volume, 

This source dietr ibu-  
+ 3  

-P 



+ 
unit time, and uni t  solid angle. The.source density gO(r, t) i e  the 

integral  of q over a l l  directions. 

i.e., 

-3 - 



B, PROPAGATION IN THE ABSENCE OF SCATTERING COLLISIONS 

I. Streaming in Vacuum 

2,  Continuity Equation 

In vacuum the angular density must satisfy the aontinaty 

which stater that the time rate 00 change 00 the angular density ia  equal. 

t o  the anguXar sourae density minus the number of neutrons leaving 

volune per unSt time. 

For the stationary cme 0 and (1) reduces t o  
a t  

whiah, sinqe v hm been assumed oonatant, m a y  be writtent 

3. Sourae-Free S t r a d q  

In the abreane of sowcet~ (2-3) reduces LO 

eane at  the points A, 3 and C whioh l i e  along a l ine  i n  the direotion 



"hue the incoming angular density at A is equal to the outgoing angular 

density at C-and only one of theae angular dentitities is to be specified 

t o  give a complete boundary condition. 

boundary which lies in the direction - fi from r and the incoming angular 

density at TB($!'s(;8, 

-t 
If r8 be the point on the 

-t -? 

9 be given,eguatlon (2) has the solution 

-P 3 (here s is the distance between r and r .)  
a 

If 9, i a  independent of <; i.e., 

"hue the interior angular density f e  alrao position independent. 

particular if the distribution on the, boundary be isotropic It will also 

In 

be so within the region. 

To illustrate the uBe of the solution (3) of (1) let us consider 

aome eimple cases w i t h  apherical symmetry. Since with such symmetry 



hence 

9 = *Am* (12 1 

ere thr cronmtant c is the number of neutron@ flawing out o 
I 

raphere of radfua "a," The angular density as a function of r and p is 

given by (3) whioh in the new variables iat 

n(r, ,+ 1 t da,&> (13) 



b 

ThurJ p8 i s  determined as follows: 

Draw the kadiua vector t o  the point r and the unit; vector fi a t  

i e  such thatfi-; = p 

r * a. 

-P -i=- 
which 

Extend n back unti l  it intersect8 the sphere 

The cosine of the angle batween A and the radius vector a t  the 

-+ + r  -c 

+ 

intersection is pee  

and x > a,respectivaly. 

Figures 2 and 3 @how this construction for r 4 a 

Fig. 2 

Fig. 3 



r 

We 8ee tlht n ( r , p )  for r i a i s  determined by values of n(a, ,us) i n  

the range -1 5 ,u. 

in the range 0 4  p, 

6 0 while n(r, p ) for r > a i a  determined by n(a, p S )  
8 

& 2. E 

Let UB. first consider the case r < a. Since k =  co6 8 ,  

= COB 8 and we see from Fig. 2 t h a t  
I 

We have 

13, s i n  = r s i n  e 

PS ¶ a ”  /- a 

(16) chows t h a t  the values of p s  relevant f o r  the determination of 

n ( r , p )  l i e  i n  the range - 1 4 , ~ ~  4 - /’x. Neutrons leaving t; 

ephere o f  radius “a” a t  angles with la rger  values of ps w i l l  not  approach 
a 

within a distance r of‘ the origin.  

solving (16) f o r  p gives: 

The ambiguity i n  sign i n  (17) is due t o  the f a c t  that neutrons leaving 

“a” with a given ps contribute t o  n ( r ,  p )  f o r  two values of p , cor rw-  

ponding t o  the point a t  which they enter  the sphere of radius r and t o  the 

point a t  which they leave. 

The angular density within the s p h e r a . 1 ~  given e&pl l c l t l y  by 

inserting (16) i n t o  (13): 

I , (18) givcas on noting that n ( r , p )  i s  an even function of : 

-8- 



As examples 1st UB awry through the computation for the - 

and 

p (4 = 2 

and 

We 8ee that p ( 0 )  3: 2 and p (a) J 1 whioh gives evidencre o f  

focuaing effect due to  the preference for the radial direction of t h b  

inuident distribution. 

In particular ,o ( 0 )  2 and ,Q (a) = 00 a Bhowing the way the incident 

di8trihtiion emphasilaes the lateral direutions, 

For P > a we find, uaing Fig. 3, that equation (18) a t i l l  



c 

or 

Here ps may range from 0 to 1. for 

which n ( r , p  ) doea not vanish are f x 4  p 4 1. Thus fo r  the 

The carrespon-ag values of 

r 
density we have 

1 

P ( r )  J n h p )  d p  627) 
I 

b z g  F d 

For the three simple ease0 previously considered we f ind:  

For h(.a,p,) = 1 
1 

d p s l -  /= P b I  = J f  

/x F 

r 

It  should be pointed out that the density 2s not constant derrpite th  

isotropic boundary condition, in apparent contradlction with (5 ) . 
contradiction, however, ier rerrolved by noting that the bounding taw 

is here not cloeed, 

For d&, p s )  = p B  

P b ) =  f lf7 - -  a (1 - p },dp ( @ I  

-10- 



1 
For n( a, 

a -I E = - tanh r r 

mad 

P ( r )  for the aame surface diatribution arises from the fact that 

The difference of a factor orf two between the r-+R+ l i m  

lim 
r + a -  

the internal ;distribution receives two cdhtributions from the surface 

4. Sources 

For steady state problems with I S O W C ~ S  present the equation of 

continuity (2-2) may be written 

which has the getnarral solution 

Bere p h  is a solution of the homogeneoua equation (3-1) and the integral 

is to be taken along a l ine  in the, direction A + up to the point T. 
If neutrons are being produced oa a surflace4 it i s  convenient 

to define an angular surface source dearity 0, which I s  the nwnber of 

neutrons produced per unit area, unit time and unit sol id angle moving 

in the direction A q, m y  be related to an angular source dsneity 

by the relation 



where x is a coordina* i n  the direction gergendicular to the surface 

a t  rr  
-+ 

Then if only the surface 80urc6 Q, be present (1)  becomes: 

and (3) becomes 

with the solution 

- P +  

vfi-n CP, - y J  = Q, 

where the subscripts $. and - dieti 
of the surface. (7)  show8 that a N a J r C Q  eqava1ent to a dis -  

continuity q, of the normal component of' the angular current. 

particular all neutrons come from the eurface iaource p+( re, a) - 0 for 
f i - n  < o and p-(r8,4 = o for &-a > 0, In either case 

on the PI- and miJlua raidas 

If i n  
+ +  

- T +  - f +  

qs m- 

% V / i i 4 1  

rshowing that the presence of the surface 80urce qs is equivalent to 

placing a condition on $' at the surfrace. 

To illuetrate let UB consider BOUT'CBB distributed on the 0ur- 

face of a eghere with spherical arymmebtry, I n  analogy with the definftion 

. ( 3 - 6 )  it i r  convenient to define Q B O W C ~  daanerity 1,( p) e.g.: 



(9) 
1 -  n , ( a  - E Q,( p) 

and than (8) becomes 

n(a, /4 = .,( p ) / V I  t " l  G 10) 

1 For an ieotrogic ~ o u r c e  (.lo) shower that n(a, p )  - - 
I N  

Hence, due t o  the divergence at p = 0, p (a) is  inf in i te .  

Using (10) the surface B O ~ C ~ B  corresponding t o  the pretviou#ly 

1 coaeidererd surface diatributione n(a,r(,) - 1; Ip,/ j - may be obtalne4 
I PA 

-P 
If t h i s  erhell source be normalized BO that qS(IL)/v integrated over 811 

+- 
angles II and over the ~ ~ d a c e  be unity we obtaint 

ox 

c * l /4wa2 

Therefore: 

For the in te r ior  of the, sphere (14) combined with 8-18) givees: 

2 n ( r , p )  = 1/4*a 

With (15) and the definit ion (3-8) p ( r )  may be obtained. 

For the c a m  r > a we m e  on referring t o  Fig. 4 that since 

the aowce radiates both inward and outward the point A receives 



oontributiorisl from the 80uroa1 along a t  both B and C, 

Hence i f  I 

n(r,F)  =- 1 r > a 
2 2wa 

> 1- 
while if JI-L n(r,,a) * 0 r > a  A< 

since no pointer of the source crontributs t o  these directions, 

again obtained using (3-8). 

r* 

In Table 1 them results are l is ted along with thoee f o r  

Returning t o  the caee of volume source8 we note tihat the 

general solution (2 )  of the continuity equation lgagr be written 

Do 

pG,z) + L  q(i! - R?t ,&)  dB (18 1 
V 

where the symbols 

-+ 
Here the, veotor R 

refer t o  Fig. 5 

connects sourma end field point The extension 

of the integration t o  inf in i ty  permits the omiarsion o f  the homogeneous 

-I.& 



t 
! 

t 



solution lsince th i s  may always be regarded as due t o  f i c t i t i o u s  sources 

ex ter ior  t o  the region of consideration. Thus considering q within the 

re.gion t o  be the given sources and q, outside determined eo t h a t  p , m t i s f i e e  

the requiei te  boundary conditione (18) becomes the general solution of (1) 

The l i ne  in tegra l  i n  (18) may be converted in to  a volume' i n t eg ra l  
+ - +  

by use of the angular delta function d2 (fi-fi') defined by 

Z t  should be noted that the integrat ion i n  (20) is only over the direct ion 

of the uni t  vector 2 or  a'. 3 
The connection with the usual de l t a  function 

ie exgreesed by 

-+ 
With a' choplen i n  the direct ion 3 (18) may be written 

Here dr'l denotes the volume element and the in tegra l  i s  extended over 

all apace. 
-P 

The denaity p and currant may therefore be exgreesed a@ 
3 

-16.. 



Thie la a highly singular function exgreaeing the obvious fact  that an 
.+ 

king along 8 line fL which does not per68 thro 

If in peurticular 

1 3 

f ( f i )  

them become: 

and 

11. 

If neutrons can be absorbed by the medium the egut ion  of 

continuity muat be modified by an sdd i t iona l , t erm describing the number 

of neutron8 dieappearing per unit time. 

rersperct t o  capture by 7 ,  it i s  apparent that thie number is p 7 e 

steady state equation of continuity then becomes 

Denoting the man l i f e  with 

The I 

-17- 



It is often convenient t o  use the mean free path 4 ,  and 

Its recigrocal cf, defined by: 

In terms of CP (1) becomes: 

Since 0 is i n  general a function of posttion, (3)  ie csomewhat more 

complicated than (2-3). 
I 

However, for CT conetant ( 3) may be multiplied 
-k- t  

by the integrating factor e ran' becoming: 

(4 )  le then the same as (2-3) with a redefinition of  p and q. With 

thie  i n  mind the previous resu l t s  m y  be applied immediately. n u s  

fo r  cr constant we find 

1 

m 

0 

(5 )  shows that neutron8 coming from the sourc'a are attenuated exponan- 

t i a l l y .  For example, if the erngular density be everywhere the same on 

a plane z = 0 and is B function only of p = 1.I.z we have 
-D 

+ 2  

Thus even for  an i ~ o t r o p l c  plane eource a t  z = 0 (and hence by (4-10) 

1 n ( 0 , p ) -  jp- ) the angular dietxibution will become more and more peaked 

in the forward direction the larger the value of z .  Thigl change from the 

isotropic source distribution is  understood by noting that thoee neutrons 

which leave z = 0 a t  a acute angle w i t h  this plane take a longer path 

-18- 



t o  rsmh Q d i s t h e  lli from the p h e  than tholre travelling at right 

angles, Hence the former neutrom are more l i k e  

For problem of plane aymrmetry (Le.,  where the only epatial 

variation is i n  tenas of a single crarteaian eroordinate a and the only 

dependenae on ?t is i n  t erm o f  ,u the crosine of ' the mgLe between 

?i. an8 the !ti axihl) the oacmrenae of a variabl6a 6 is no d i f f i w l t y ,  

In these problem (3) reducrats t o t  

Jntroduoing the new variable g by I 

here o is some conveniently choem aonstant, reduoee 
0 

then describes a problem with 6 : const 1 with a slightJls 

nodified eourae (q 3 i s ) ,  

In mom general problems of variable cr it is uonvenient 

bo define an optlud. thiaknem OC byt 

+ - +  -5 shere R r' - r. It i a  readily abown that, in term of d- the slolution 

Bf (3) may be written 



I and hence that 
-b 

As is  to be expected, thie reduce8 to ( 5 )  if e ie conrstant since %hen 

o( becomes aR. 

of variable ulntraducea considerable cornplication. Absolute coordinates 

inetead of just relative coordinatea between field and aource enter %he 

problem. 

It erhould be pointed out, tho@,that thie general caLpe 

In  the next sections we w i l l  apply the ololution (11) to various 

simple source8. 

6. Point Source 

If a directional goink 80urce be located a t  $o radiating. i n  
+ 

the direction no 

and then I 

For ieotropic aources ~ 



3 3 
If CY be constant and q0(r) d (r), deecribing a unit 

isotrdpic point aowce at  the origin, ( 5 )  becomes 
:\ Y< 

7. Plane Source 

The neutron distribution arising from an infinite plane? 

( z  = 0) covered with isotropic point sourcee~ of' unit  strength and 

density Qa per unit area can in the cam of constant u be determined 

directly from (5) or mors concisely ueing the theorem of  Appendix B. 

This statee t b t  the plane B O ~ L T C ~  eolution i s  connected w i t h  the unit 
I 

point 80urce eolution by 
... 

Thus, wing the potnt 00wce solution (6), wet have 

The current due to the plane Lgource is In the $. z direction 

for z > 0 and i n  the minua z direction for z 4 0. It i e  of ma$nitud@ 
00 



Ursing (2) the neutron density cwreepodng  t o  an arbitrarg 

distribution of isotropio ~BQUTCII of plane symmetry i 

Lf q,(s') de' be the number of point BOWCIS lying in 4 region of unit area 

and thioknbs6 8%' at $ 1  the addition of aontributiom silailar t o  (2)  ylalds 

(ilr) 

anlaformation (5-8) gives 

(Y')  Qo(Y') 9' I Y - Y'\ ) W' ( 5  1 

8. Shell Soureta 

By an irtlotropic $hell 8ou;rue of strength 0, radiuar *a,* we mean P 

sphere of .cadi- "a* uniformly cuvered with Q isotropic unit point 8 O U T O O I .  

In Appandb B it is ahowntha6 ths neutron density at  r due t o  a unit isa- 

tropic $hall L J O W C ~  of radius "&an ia related t o  that due t o  a unit lsotropio 

e8 by 

1 ( \ a - r l ) - p  ( I a + r \ ) j  (1) 
RJ PJ P&,'") = 

Heme for BL shel l  sowoe of atrsafih Q, radius r', we have for oozrstanfi 0- 



rp(r) rand rq,(r) bear the #me relation t o  sraoh other e$ d6 the plane 

9. Benarkla OD the Beoiprooity Theor- 

33 p(r,n; r0,fl .)  be the ongular dsnl i ty  st r o f  neutrons 
+ 3  3 3 -* 

+ -* 

moving in direot ionndue t o  B unit souroe at ro rrdiat- in the dZreotiQn 

J 

\ 

-23- 



, +  3 
The l e f t  hand aide i s  the density a t  F 8ue t o  the directed aource a t  ro 

while the rlght hanU side is  the angular deneity a t  ro due t o  the unit 

isotropic csourca a t  r. 

+ 

+ 

4 
Integrating ( 2 )  over fi0 yields  the addi t lonal  r e s u l t  t h a t  the 
3 -+ 

deneity a t  r due t o  the un i t  isotropic  source a t  ro I s  equal t o  the density 

a t  ro due t o  a unit isotropic  00urce a t  r .  
+ + 

-b + -+ 
Multiplying (1) by fi and integrat ing over both no and -n gives 

3 
On takiag the ecalar product of (3) with an a rb i t r a ry  unit vector n we Bee 

4 + 
#is state8 that the cowgonetat of the current at r In direct ion n due t o  

+ 3 
a un i t  isotropic  ~fource a t  ro ie eqml t o  the density a t  ro due t o  a BOWCO 

3 1 
a t  r wi%h di rec t iona l  dtstribution - 4.n n - n  

10. Eecerpe Problrrbilitiee 

As an application of the. formulae so far derived we will now 

turn t o  the calculat ion of earcape probablli t iee.  
-* 

L e t  a neutron born a t  a point r of a f i n i t e  absorbing boay have 

a probabili ty P(r’) of escaping from the body. If neutrons are born 

within the body with isotropic  d ie t r ibu t ion  qo(r) the average eacage 

probabi l l tx  (Po) f a :  

3 

The average probabi l i ty  Pc (Pc = 1 - Po) that the neutron w i l l  be 

absorbed l e  often referred t o  a8 the col l ia lon  probability. 

I n  the following we a h a l l  treat the ca$e of constant qs. Then 

we have 



Arm a simple i l l u a t r s t i o a  we calculate  the emage grobrability 

from a thin slab of thickness "a" (Fig;, 6) 

t$qt Fig. 6 

For a neutron s t a r t i n g  a t  z the secage probabili ty i s  equal t o  the ~ u m  

of the current on the two sides of the e b b  due t o  a unit B O U T C ~  a t  Z. 

Gince them sides are a t  distancee z and a-z from the origin of the 

neutron we have from ( 4 8 - 3 )  

With ala ( < 1 (and hence z/a d <  1) it is reasonable t o  use the expansion 

2 
E,(x) 1 -+ x log x - 0.422784 x + O(X ) 

g i v m  

where 

f(x) * $ L0.422784 - x log x - (1 - x)  log (1 - x)] 

1 fcx) varies betwesn f(0) = f(1) = 0.211 and f($) - 0,211 + 2 log 2 - 0.558. 
Thus for 8, very thin Blab (log { > > 1) the etacape probabili ty tram a point 

z becomere independent of z and equal to the average eacapar probabili ty,  i.e. 

+' 

- 8  R 1 - Po = a log (7) 

Physically the conatancy of P(e) may be underatood as follow: A neutron 

%his Po has been ueed f o r  rapproximcrte treatment of p i l e  problem an4 fo r  the 

determination of c r i t i c a l  sizes. 
abaorption the c r i t i c a l  coadltion I s  given by cP, - c(l - Po) = 1. 

If c neutrons be emitted following each 



darting a t  the center of a th in  slab need travercle 8 distance of' only 

a t o  leave the body. 

neutron or iginat ing st the l e f t  edge eecapse i f  it moves to  the, lef t ,  

It 606s material of thfckasse 5 on both eidess. A 2 

However, if it mvee t o  the right It must traverse the e n t i r e  dfetcance 

lla". 

edge aecape, probabi l i t i es  become approximately equal. 

These two fac tore  tena t o  equalize and f o r  a th in  talab center and 

For larger 'a" the eecage probabili ty l e  no longer posi t ion 

independent and Po m u e t  be evaluated expl ic i t ly .  

0 0 

For a/R ) >  1 (8) becomes 

4 
In general f o r  convex bodies P(r) Is the t o t a l  current emerging 

3 
from the surface of a body due t o  a wait isotropic  source a t  point r, With 

the notation of Fig. 7 gives 

where dS denotes the aurface element. 

eolfd angle subtended by dS a t  

Fig. 7 

3 
r 



and hence 

which givesl on combining w i t h  (2 )  

(13) is quite obviow since the probabili ty the neutron w i l l  be emitted 

i n  n 219, by aserumption, E . 
direct ion R, it eecages I0 e 

by it i s  juat  averaging over all points of the volume. 

an The probabili ty that, if emitted In 
+ . The in tegra l  over V and divis ion 

Moreover, i n  t h i e  

fom the generalization t o  non-convex bodies is apparent. 

remain8 val id  w i t h  the underetanding that R is the t o t a l  thickneeer of the 

body in direct ion n from r. 

Formula (13) 

-b 3 

Equation (13) f o r  the escape probabili ty may be re-axpreased 

by in te rcbnglng  the order of‘ integration. Thinking o f  the volwe V ai3 

-++ -f + 
being made up of tubea having a cross-section (R- n,) Bs (where ni = -n 

is the inner normal at aS) and a length RB, where RB ie, the length of the 

chord drawn i n  direct ion n from the aurface element Bs (Fig. 8) we see 
+ 

Fig. 8 

9 3  
where the integrat ion region is such t h a t A - n i  > 0. 

-2 7- 



8 

Carrying out the R integration ylelde 

+ +  
= m A? SS(1 - e-’#’’) (n.ni) d n a  (16) 

An alternate derivation of (16) is obtained by relating the 

eecape probability t o  the solution of another problem. 

using the reciprocity theorem. 

This may be done. 

>Coneider the body for which the escape probability is  required 

t o  be lmeraed in s uniform iraotropic bath of neutrons. 

neutron denaity a t  large d~8krBOe8 from the body be p-. The number of 

neutrons entering the body per second through the tsurface elment 86 

t 1 o n a o  I s  then 

L e t  the (constant) 

3 

-t 3 - $ +  + 
where n i e  the normal at 86. If F ~ B  before 

angular dcneity at r in directionfidue t o  a un i t  ~ource at ro radiating 

i n  the direction no we have for EL point r in tha body 

+(r,a; ro, no) 58 the 
+ + 3 

+ -+ 

I By the reciprocity theorem 

-+ 3 
On changing the signs of the variable8 of integration (ao eula n) it 18 

men that the tern in braclwts Irs j u s t  P(r). 3 Hence 



Integrating over the body and dividing by the volume fields 

where p, is the average nstx%ron density 2n the body, 

probability problem 18 equivalent t o  mlcing f o r  the neutron denaity in 

a body inmtersed in an isotropicr bath, 

Thw the rrjcape 

‘I 

Let Ni be the number of neutron8 entering the, body the 

bath par awond. We have 

N = ~’JL p 5.  3 npind~ 

5 4v O0 

sinote vApY i s  the lmident angulat. current. 
&rr 

That number of neutrons leaving each second (No) is 

a a betam entering i n  a direction art dS is attenuated by a IR I Pa 
before having, The number of neutrons abaorbed per seaond (Ha) ia  

On performlxrg the integration i n  (22) we find 

Ni = 2 
Therefore if F be the fraation of hcoming neutrons absorbed we 8ee 



g&v&ng the alternative exprerasion for Po 

1 8  
p o " 4 v  * 

It may be noted that 
l 

ath problem i s  eomewhat more sl tammtiv& meane of 

computaWm. 

glace of' neutron8 haw4 been perfornoled t o  determine eecsge probabi l i t ies  

Ueinlg (a), opt ica l  analogy cexgerfmnts wlth light taking the 

experfmentally. 

10.1 - The Chord Method 

The calculation of escape probabi l i t ies  is often f a c l l i t a t  

method developed by Dirac*. Though the l imitat ion i s  no 

~ $ 1 1  only consider e ~ n v e x  b e8 in our dlscusslon. 

Fig. 9 show6 chords o f  varyin@ length R drawn from the surface 
8 

element d8 of a convex body. 

L e t  such chords be drawn so t h a t  their number i n  a given 
3 - t  

dlrect ion is  proportional t o J L * n i ;  the cosine of the angle between the 

inner surface n o m 1  and the chord direct ion,  Defining$(R)dR as the 

probabili ty that a chord be of length between R and R + dR yields  

* 
P.A.M. Dirac, Approximate Rete of leu t ron  Multiplication f o r  a S o l i d  of 

Arbltrary Shape and Unlform Density, Br i t i sh  Declassified Document MS.D.5 

Pa r t  1, 1943. 



where the only restriction on the region of integration in the 

denominator I s  a- ni > 0. 
+ +  I 

-+ 
(I) is derived as follows: If rr be a direction from a 

surface element dS such that RB= €4 and d n  be a s o l i d  angle around 

such that all chords in this s o l i d  angle are within dR of length R ,  

the number of chords of lengths R to R + dR from this s o l i d  angle are 
+ 3  -+ 

by assumption proportional A.*n d a d s .  Summing over all directions ,FL 

of this kind and then over all points on the surface gives t h e  total 
I 

number of these chorde as proportional to the numerator of (1). 

by the total number of choras drawn (which then is proportional to the 

Dividing 

denominator of (1) with the same proportionality constant) ehowe that (1) 

is indeed the requisitfe probability. 

Integrating the denominator of (1) give0 

where 9 signifies the total surface area, The average chord length 

Rav is 

Since 

we have 
4v 

%v = s 

-31- 



and thus 

On inser t ing (6) into (10-16) we find 

Po 1 $(1 - $ ( R )  dR 
RlkV 

The determination of Po i a  thus divided in to  the geometrical 

problem of finding $(R) and the integration indicated in ( 7 ) .  

Useful l imlting former f o r  Po are obtainable from (7) with 

but l i t t l e  work. 

for  a l l  R 

the exponential i n  (7) giving 

Thus, if the body be of such small dimensions that 

R < <  4, the sxpreaEsioa fo r  Po may be simplified by expanding 

or  

For bodies of dimenorions large compared wi th  the mean f ree  

path it is convenient t o  write (7) a8 

= A I 1 -$ e"/'#(R) dR) - ' (10) 
' 0  Rav 

Since i n  this  case only amll values of R will contribute appreciabl 

(due t o  the exponential f ac to r )  it is reaeomble t o  expand 

#(R) - + R#' (11) 

Inoerting in (10) gives: 



If "a" be a typical dimension of the body (12) can be written 

where c and c are some conatante. I 2 

For smooth bodies (I *e.> no edgee) one can show that #(O) 

vaniehes. Hence for therse 

For bodies with edgers thia ie no longer true and 

-,7 

For bodiee whoas dimensions are comparable with the mean free 

path much more detailed calculations arcs necesaary. 

exact escape probabilities for bodies of various special ehages w i l l  be 

found w i n g  the chord method. 

In the following 

10.2 Slab and Bphere 

Referring to Fig. 10 we note that for a slab of' thickness "a" 

Therefore 

-33- 



Since 

Uaing 

2 m  $ ( R ) d R  = 2a - 
R3 

We find by (10.1-7') 

. 
4v - = 2a 
S 

( 4 )  

( 5 )  

-34- 
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4 

( 6 )  is, of course, idenGica1 with the previously derived result 

(10-8). For a/R > >  1 we found 

If a/.. < <  1 expanding E gives 
3 

where %% = Euler '8  Constant - 0.577216 

Collision grobabilitiee calculated from (6) are given in Table 2 as 

~ 9 .  function of b / l  with b - a/2 = half thickness of the elab. 

of escape probability VS. half thickness i e  given in Fig. 11, 

. 

A graph 

For a sphere of radius "a'' (Fig. 12) it I s  convenient to 

introduce aa 8 variable 8 o ,  the angle between the chord and the radius 

vector 

b 

Then 

Fig.  12 

This givee: 

lT  2 8  



TABLE 2 

TABLE OF Po FOR SLAB 

Expamionat (4-deoimal acrcurcacy) 

0 0 0  
001 
0 0 2  
03 

0 04 
005 
0 0 6  
007 
08 
09 
, 10 
011 
0 le 
ou 
0 4  

0s 
0 16 
017 
18 
19 
020 
021 
022 
2 3  
-24 
0 25 

02759 
2 913 
3060 
-3200 
03335 
3464 
3588 
,3707 
3821 
43932 
04039 
41.42 

04242 
a4339 
4432 

c 30 
31 
32 
.33 
0 34 
0 35 
36 
*37 
38 
*39 
040 
41 
042 
0 4 3  
0 4 4  
045 
0 44 
0 47 
48 
049 
050 

-37- 

b/R Pu 

i 

0 77 
78 

0 79 
80 

I ,81 
82 

083 
84 
85 
.84 
087 
88 

I 

7103 
7132 
7159 
7187 
722L 
7240 
7266 
7292 
7317 
7342 
7366 
7390 



p* a 
b/l P ' I b/R p* 

I 
1.00 
1.01 
1.02 
1.03 
1.04 
1.05 
1.06 
l e 0 7  
1.08 
1.09 
1.10 

9002 

9010 
. 9006 

.a363 
,8373 
.8383 

.8&03 
8393 

.7651. 
7670 

.7690 
7709 

,7727 
7746 
7764 
7782 

1.50 
1.51 

2 000 
.2 001 
2.02 
2.03 
2.04 
2 .os 
2.06 
2 007 
2.08 
2.09 

' 2.10 
2.11 
2.12 
2 013 
2.uc 
2 0 1 5  
2.16 
2.17 
2.18 
2.19 
2e20 
2.21 

e 8781 . 8 786 
2 054 
2 055 
2.56 

. 8 b 3  

.8422 
8432 

e SUO- . SUO . 8460 
8469 
8478 

,8486 
e 8&95 
.Sf;O4 
.8512 . 8521 
,8529 

8546 
.8554 . 8S62 
8570 . 8578 . 8586 

.8593 

.8601 . 8608 . 8616 . 8623 

8538 

09021 
87% . 9025 . 8 798 e 9029 . 8804 9032 . 8809 2.59 .9036 

,8815 2.60 . 9 a o  
.8820 2.61 .9043 . 0826 2.62 .9047 . 8831 2.63 . 9 6 1  
8836 2,64 .9054 

.8842 2.65. e9058 
08847 2.66 ,9061 . 8853 2.67 .90& 
.0857 2.68 ,9068 

.8868 2.70 .9075 

.8873 2.71 .9078 
9082 

. 9092 
9095 
9098 
9102 
9 1 6  . 9108 

,8863 2.69 09072 

9085 
9089 

2 $7 
2.58 . 7800 

7817 1.59 
1.60 
1.61 
1.62 
L 6 3  
1 4  
1.65 
1.66 
1.67 
1.68 
1.69 
1.70 
1.71 
1.72 
1. 73 
1. 74 
1.75 

1. 77 
1.78 
1. 79 

1481 

1.83 

1-8s 

1.87 

1.76 

1.80 

1.82 

1.84 

1.86 

1.88 
1.89 
1.90 
1.91 
1.92 
1. 93 
1.94 
1.95 
1.96 
1. 97 
138 
1.99 
2,oo 

7834 
.7851 

, 788L 
7868 

1. ll 
1.12 
1.13 
1.4 
1.15 

. 7901 
e 7917 

1.16 
1.17 
1.18 
1.19 

1.21 
1b20 

e7932 . 7948 
7963 
7978 . 7993 

.8W8 
1.22 
le23 

.a023 
8037 

2 022 
2 c 2 3  

,8878 2.72 
.8883 2.73 
.8887 2 074 1.24 

1.25 
2.24 
2.25 
2.26 
2 027 
2.28 
2.29 

8051 

8079 
8093 

08119 

e 8 4 5  

8171 
8183 

. 8065 

.8106 

8132 

. 83.58 

.8196 

.8208 

.8220 

. 82h3 ,8232 

,8278 
,8289 . 8300 
8311 

08321 
* 8332 
83& . 8353 . 8363 

. .8892 2.75 
08897 2.76 
e 8902 2 077 
8 ~ 1 7  2 078 

.8911 2.79 

.8916 2.80 . 892 1 2,81 
8925 2.02 

.8930 2.83 

.e934 2 8 4  
,8939 2 085 . 89L3 2.86 
08948 2.87 
89% 2.88 

.89S6 2.89 . 8961 2.90 

.8965 2.91 
08969 2-92 
e8973 2.93 
08977 2.94 
-8982 2.95 . 8986 2.96 
08990 2.97 
.899b 2.98 
8998 2.99 

0 9 0 0 2  3.00 

1.26 
1.27 
1.28 
1.29 

2 030 
2.31 . 9211 

9114 
1.33 . 8645 

0 8652 
,8659 . 8666 
,8673 . 8680 . 8687 . 0693 
,8700 

. 9 u 7  
9120 
91215 

09127 
9130 

3 
3 
3 
1 
3 
3 
1 
153 
156 
1 
3 
1 
3 

18707 
.87l3 
.8720 
.8?26 
,8732 

.8 745 
e8738 
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3.00 
3 001 
3.02 
3.03 
3.a 
3.05 
3.06 
3.07 
3.08 
3.09 
3.10 
3.11. 
3 -12 
3.13 
3.4 
3 .ls 
3 416 
3.17 
3.18 
3.19 
3 020 

2 1  
22 

3.23 
3 024 
3.25 

3.27 
3.20 
3.29 
3 030 
3.31 
3.32 
3.33 
3.34 
3.35 
3.36 
3.37 
3.38 
3.39 
3 040 
3041 
3 042 
3 0 4 3  
, > o b  

3.45 
3.46 
3 047 
3 048 

3.50 

3.26 

13.49 

9167 
9170 

0 9173 
9175 
9178 

9183 
9186 
9189 
9191 
919k 

0 9196 
1.9199 
9202 . 92% 

* 9207 
e . 9 2 0 9  
9212 
.*Ur 
9217 
9219 
9221 

,9224 

92 29 
9231 
9233 
9236 

09238 
9240 
9243 . 9245 
9247 
9249 . 9252 
9254 
92% 

,9258 
9261 
9263 

0 9265 
9267 
9269 
92 71 
92 73 

,9276 
92 78 
9280 

69282 
0 928b 
09286 

. 9181 

. 9226 3.73 09330 
30?& 09332 

0 9375 . 9377 
9378 
9380 
9381 
9383 

0 9386 
938 7 
9389 

0 9390 
093% 
0 9393 . 9395 
9396 
9396 

0-9399 
9400 

0 9402 
9403 
9405 
9406 
9408 
9409 
9LlO 
9412 . 9 4 u  . 9 4 s  
94x6 
9417 
9419 
9420 
9421 

0 9323 
0 94a4 
9425 
9427 
9L28 
942 9 
9431 
.9b2 . 9433 
‘9U4 
0 94% 
09137 
9430 . 9 u 9  . 944s. 
9442 

0 9w . 9uI4 

. 938b 

P 
0 

. 9471 . 9473 
0 9474 . 9475 
9476 

09477 
9478 
09479 . 
0 9480 
9481 
9482 
9483 
9485 
9486 
9487 
9M . 94s 
9490 
9491 
‘94% . 9493 
9494 . 9495 
9496 
497 
498 

,9499 
0 9500 
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On intlbgration thia gives: 
-, 



Formlo 1 

TABLE 3 
TULE OF Po FOR EEPHWICAL OEOESETRY 

025 
4 26 
427 

029 
30 
31 
32 
.33 
0 34 
035 
e 36 
437 
38 

039 
440 
441 
0 4 2  
043 *u 
445 
e 4 6  
047 
*&8 
4 9  
450 

.2a 



d R  P 
C 



8/R P 
0 

3.09 .76980 
3.10 077047 
e 1 1  
012 
e13 
b l 4  

03.5 

‘16 
3.17 
3.18 
3.19 
3.20 

3 2 7  
3.28 
3.29 
3.30 
3 031 
3.32 
3.33 
3 034 
3.35 
3.36 

77113 
77179 

,77244 . 77309 . 77374 
t 77L39 
0 77503 
e 77566 
77630 
77693 . 77756 . 77818 
77880 
77942 
78003 
78064 
78125 
78186 . 78246 

0 78305 . 78365 
e 78424 
78483 
78SU . 70600 . 78658 

3.37 .78+?16 
3t38 e78773 
3.39 
3 oh0 
3 e 4 1  
3 eL2 
3 043 
3*44 
3.45 
3.46 
3.L7 
3*48 
*kP 
050 

78830 
e 78887 

79000 
790% 

w 79111 
79167 

e 79222 
792 77 
79331 
79386 
79hLO 

.?89& 

i 

d !  

3.50 
3 051 
3.52 
3.53 
3 054 
3 055 
3.54 
3.57 

3 .E9 
3.60 
3.61 
3,62 
3 063 
3.Q 
3.65 
3.66 
3067 
3.68 
3.69 
3.70 
3071 
3.72 
3.73 
3.74 
3.75 
3*76 
3.77 
3, 78 
3.79 
3a80 
3.81 
3 e 8 2  
3 083 
3.84 
3 e 8 5  
3.06 
3.87 
3.88 
3.89 
3.90 
3.91 
3.92 
3.93 
3.9& 
3.95 
3.96 
3097 
3.98 
3.99 
L.00 

3,Sa 

P 
0 

t79Wro 
0791r93 . 795k7 
79600 . 79653 . 79706 
79758 . 79810 
79862 . 79934 . 79966 
80017 . 80068 . 80118 

.I30269 

0 80169 
4 80219 

80319 
80368 

,80417 

0 80515’ 
. 80466 

. 80564 

.80612 

,80708 

.80803 
80850 

t 80660 

80755 

80897 
80944 

e80990 
,81036 . 81082 
.81128 . 81174 
81265 
.81310 

o83-219 

81355 
e 81399 
8 W  

08l532 
.8l488 

.81619 . 81663 

.81576 

,81706 
*817b9 
81792 
818% 

c 
P 

. 8x834 
,82877 
e 61919 
0 6x961. 

. 8 2 U  

.82003 

.82086 

.82127 . 82168 
,62209 . . 82250 
l 82 291 
082331 
82371 
.mi1 . 82&1 . 82491 
82530 
825 70 

,82609 
.82648 
.82687 
,62725 . 62 764 . 82802 . 82841 
.a2879 
.82916 
82954 

,82992 
083029 
.83066 
.83104 

. 83213 

.83250 
,83286 . 83322 

83l40 
,83177 

83358 
,83394 
083430 
83465 . 83502 

483536 
83571 . 83606 
*8361rl . 83675 
83 710 
83 744 



where 

The cosine 3.w gives: 

Subtractiw ( 5 )  from (4) and solving for p givee 

Similarly 

where COB OC = Y 

Hence: 

R2 * 
=+ za (9) 



We have: 

z2 - R2 + 

2 V + X =  
28 

I Or 



I n  (17) the two factors  of 2 come from the f a c t s  that the so l id  

angle eubtended may be either above or  below the point on the cylinder 

that i s  belng considered and t h a t  OC runs from 0 t o  27’f and not from 

O t o w .  

Introducing a new variable x i n to  (17) where 

P - 7  
2a 

X n  

gives : 

where 

With (20) we f ind  on carrying out the integrals 

W i t h  Rav = 2er , from (22), (10.1-10) gives 



Using (20) we have 

Introducing Y E R/2a c48, 8 veriable in (25) and changing the order of 

integration gives: 

ration i n  (26) has be 

where K I are the Besere1 Functions as defined and tabulated by Wateon,++ 
\ n> n 

* 
++ D. Inglis - LOB Alamos C l a s s i f i e d  Report LA-26, page 8. 

I 

C. I. Watson - "ThtjoPy'oP Beeeel Fuqctions", Cambridge UralvdreiCy hem, 19450 



For radii s y l l  compared t o  8 mean free path (27) may be 

expanded as: 

where tf = Euler a constant = 0,577215665 . . . 
(28) gives Po correct  t o  f i v e  s ign i f icant  fi&ures provided < 0.1, 

' For "a" large compared t o  1 the asymptotic expansion of the 

Beseel functionn give fo r  Po: 

in agreement with (10.1-14). 

provided B/X > 6. 

(29) is  cor rec t  t o  f i v e  s ign i f icant  f igure8 

Table 4 gives the co l l i s ion  probabili ty Pc a8 EL function of 

a/R . pC is plot ted i n  Figure 11. 

10,4 The Hemisphere 

Chord distributions f o r  the hemiepkere, oblate  spheroid, and 

oblate  heemispherold have been obtained by Dirac, Fucha, Peier la ,  and 

Preston*, We omit the ra ther  complicated analyEsls and merely quote resu l t s .  

(1) 
Let x = R/R, 

and 

where Rm is the largeat chwd t h a t  can be drawn i n  the body, Equation 

(10.1-7)  COWS: 
X 

p = a  1 X j [l - e- -7 J ; ( x ) a x  ( 3 )  
0 O Rrn av 

Y ,. 
M.S.D.5 - "Applications t o  the Oblate Elpharoid, Haul-ephere and Oblate 

Hemispheroid" by Dlrerc et &le 



TABLE 4 

VALUES OF COUISION PROBABILITY P 
C 

(Po s 1 - Po) 
FOR INFINITE CYLINDW OF RADIUS "an 

where the K, and I are the f'unotiona deflwd i n  Watson~s 
"Beasel Funlrtionsn"(page 698) land the argrtmente o f  Kn and 
I are na#" n 

for (a/l)>/6 the following axpsu?sion i a  good t o  five, rignifiomt figurea 



1 .Q2 
1.a 
1.06 
1-08 
1.10 
1.12 
1.14 
1.26 
1.16 
1.m 
1-22 
1.P4 
1.26 
1-28 
1.3c 
1-32 
1.3 
1.36 
1.38 
1.$0 
1.42 
1.U 
1.46 
1.45 
1.50 
1.52 
1-54 
1-36 
1.9 
1.60 
1.62 
1.64 
1.6 
1.68 
1-70 
1.72 
1.74 
1.76 
1.78 
1-80 
1-82 
1.a 
1.86 
1.88 
1.90 
1.92 
1.s 
1.sS 
1.98 
2-03 

2.02 
2.a 
2-06 
2.m 
2.10 
2 . u  
2. lk 
2.16 
2.18 
2.20 
2.22 
2. 
2.26 
2.2a 
2.30 
2.32 
n . 3  
2.36 
2.38 
2.45 
2. b2 
2 . a  
2.46 
2.48 
2.w 
2.52 
2.54 
2-56 
2. sa 
2.60 
2.62 
2.a 
2.66 
2. a 
2.20 
2 .?2 
2.?& 
2-74 
2.78 
2.&2 
2.82 
2 . a  
2.86 
2 .m 
2.90 
2.92 
2.94 
2.96 
2.98 
3.00 

3-f32 
3.* 
3.06 
3.- 
3.10 
3 . E  
3.14 
3.16 
3*1& 
3-= 
3 . s  
3-24 
3.26 
3.26 
3-30 
3.32 
3.34 
3.36 
3.38 
3.u 
3.42 
3.44 
3.46 
3.M 
3.50 
3.52 
3.54 
3.56 
3.58 
3.60 
3.62 
3.64 
3.66 
3 . a  
3.19 
3-72 
3.74 
3.76 
3.78 
3.80 
3.82 
3.84 
3.86 
3-88 
3-w 
3-92 
3-94 
3.96 
3.98 
4.w 

k.02 
4.m 
k.06 
4 x 3  
4.10 
4.12 
4.14 
4.16 
4.18 
b,.20 
k. 22 
4.21) 
-4.26 
4-2t3 
I - P  
b . 9  
4.34 
b.36 
4.33 
4.40 
4 . u  
4.a 
4.16 
b.46 
4.50 
h-52 
4.% 
4.56 
4.58 
4.60 
4.62 
4.64 
4.66 
4.68 
4.70 
4.72 
k.74 
4.16 
4-78 
4.85 
4.82 
4 . a  
4.86 
4.88 
0.90 
4-92 
k.94 
&*% 
4.98 
5-00 

5. a2 
5.* 
5.06 
5.M 
5.lQ 
5.12 
5-1k 
5.16 
5.s 
5.20 
5.P 
5 . a  
5 . 6  
j.& 
5.30 I 

5.32 
5.34 
5.36 
5.9 
5 . b  
j.M 
5.44 
5.46 
5.e 
5-50 
5.52 
5 - 9 4  
5.56 
5 . 9  
5.60 

5.435 
5.68 
5.70 
5-72 
5.74 
5.T6 
5.78 
5.80 
5.82 
5 . h  
5-@ 
5.m 
5.90 
5.92 
5-94 
5.% 
5.H 
6.00 

;:E 



For a hemisphere! of radius a: 

Rm JP 2a 

and 

The expansion for Po in the region a/x ( <  1 obtained by expanding 

the exponential in (3) is 

For a/A > > 1 we have the expaneion (10.1-12). Since 

The linear correction term is, of course, to  be expected since 

the hemisphere b e  an edge and 80 does not have #(O) = 0. 

A rsomewhat more accurate expansion in the region a/& > >  1 l e  

obbinetd by olightly modifying the procedure which l e d  to (10.1-12) 

Instead of exganding $ ( 8 )  around R+O and integratirg to 2a one can 

integrate this to et and t rate the reminder of the way u0e 

the expansion of 9 (R) around R w .  Thle glvea 



4 1  ) 
2 

= 1.1250 ($ - (f) (1 - e-"/') (0.31831 + 1.02586 e 

Equations ( 6 )  and (9 )  give Po to reasonable accuracy far a l l  

a/& except in tihe region 1 < a/A ( 3 .  Teble ( 5 )  give8 escape probab$$ity 

as a function of a/d deterrained by numerical integration i n  the intermediate 

region. Fig. 11 containe a plot of Pc v8. a/l for the hemiephere. 

Fig. 14 and 15 contain plots of Po/Poe v8. Pos and Pc/Pca VB. Poe where 

Pcs and Po* are col l i s ion  and escape probabi l i ty  for a ephere of the same 

volume ae the hemisphere. 

10.5 !I%@ Oblate Spheroid 

Consider an oblate epheroid with major and minor axes and and b: 

If 

and 
2 tanh-le 

E FIE) p 1 4  (I - €  ) 

it can be shown* that 

( 3 )  

* 
M.S.D.5 - " A g p l l ~ a t i ~ n ~  to the Oblate Spheroid, Herd-eghere and Oblate . 

Hemispheroid" by Dirac cat al, 



ESCAPE PROBABILITY 

0 
.2 

1.5 
2,o 
3,O 
I r e 0  
5.0 
6.0 
7.0 
8.0 
9,O 
10,o 

FOR WEMISPHWE 

0 
P 

1.000 
0,896 
0.770 
0,613 
0.503 
0.433 
0,317 
0,251' 
0.207 
0,175 
0,152 
0 134 
0,220 
0,109 

I 



Fig. 14 - 5 4 -  





Blnce 

For b/.>>l we have as ar first approximation using (10.1-13) 

Of particular intertset i p 1  the dependence of escape probability 

on shape. 

probability (or collirsion probability) for a body to that of a sphere of 

the Bame volume. 

A mea8ure of thie dependence i s  the ratio of the escape 

From (8)  and (9) we obtain 

and 
b/A > >  1 

If E << 1 (10) and (21) give expanaion 



and 

It should be noted that (12) and (13) erhow that the difference 

in eecrape probabilities between an oblate  spheroid and ~l crghare of the 

@am volume is proportional to C 4 . Thus it is only for eccentricities 

extremely cloae to one that the spheroid w i l l  have an eacape probability 

differing appreciably from that of the equivalent aghere. 

I n  the other extreme of 1 - C 4< 1 (10) and (11) give 

( a , > b  7 7 4 )  

Fig, 14 and 15 show Po/Pos vbl, Po,,, and PC/P,, VB. Po@ for 

a/b 

has been expanded to magnify the  small deviations of the colllefon 

probabilitiee from that of the equivalent sphere. 

5, 2.5, and 1.67. It should be noted that i n  Fig. 15 the scale 

10.6 Diecueeion of Results 

To facilitate the calculation of' escape probabilities for 

bodies whose dimenalone are emall compared t o  the mean free path the 

1 (R 2 lay 

(RaJ2 
' Q w 5 -  

QUB spec ia l  shape8 are c o l l  ted in Table 6. 



shape 

Sphere 

Hemisphere 

Oblate Spheroid 

..I 

6 < <  1 

b/a ( <  1 

Tetrahedron 

Infinite Cylinder with 
Circular Crose-section 

Infinite Cylinder with 
Sgusre Croaa-esction 

Infinite Cylinder with 
Equilateral Triangle 
Crass-aection 

fnfinlte  Cylinder with 
Regular Hexagon Croes-section 

0 * 5625 

0.6328 

0.28123 F( 6 )  tanh-15 ~ 

0,28125 108 (p) 
0.7915 

0 . 6667 

0,7435 

0.824 

- 

0.6985 
' I  

(10.1-9) I tella ua that for s m a ~ i  bodies 

Those valuea of'Q not contained in the work of the preceding esctianer 

were obtained from a gaper by B@hrbfne+. 
# 
D. J. Behrens: Proc. Phys. Soc. A, V. LXII; P. 607, (1949) 



In aeotion (10.5) it wm aeen that for a fbced volume the 

ilitiee arq ta very inammitive function of the shape, The 

e dependenae must then be obtained by considering bodies 

volumer. From (2),though, we B Q ) ~  that Q c0mpa;rsa aolliaion 

probabilitiate far b d i w  of the same R,. The mre relevaat shape factor 

i81  Q' where 

in term o f  which we have for small bodiee 

+/3 
7 Prr 0 Q' 

Table 7 giv- Q'/Vrrphsre for the hemisphere, tetrahedron I 

and oblake spheroid, 

Shags 

Hemisphere 

Oblate Spheroid 

e cc 1 

b/a < <  1 

Tetraheon  

TABU 7 

I 0.9449 

1 I* 64/45 

1,1905 

14- & € 4  

1.4899 



To oompare the eleoape probabilitiesr of bodies of dimensions 

l e g e ,  crompared t o  A? it irs uaeful t o  fntroduoe a( defined byt 

tx z V1/3/R 
4v 

In tame of cr( (10,l-U) givea for l a r g e ,  bodies 

I n  Table 7 the quantity M/o( is given For hemiraphere, 

obla%e spheroid, and tetrahedron, 

From Table 7 we see that, for a given volume, sscrape probabilities 

82.8 rather ahape imensitive, Thw we rsee that for mall bodiw the 

oalliarion probability for hcampbsphere suzd tetrahedron it3 but SSk lerlsa than 

that for a sphere of the sme volume. 

the deviation from the ephere collision probability is proportional to  

6 Ir, For large bodies Table 8 shma the shape to  be somewhat mo~e Iwportant, 

Fbrtunately, the eecslps probability is jwt the inverm of R I V / R .  This last 

is, however, rather simple t o  evaluate for even aomplioatsd bodies. 

For spheroids o f  small, ecoentrlaity. 

c 



C. ONE VELOCITY TWIORY OF NEUTRON DIFEFU81014 

111. Equatidns for a General Medium 

11. The Transport Equation and Some of Its Properties 

Previously we considered only the caee of pure absorption. 

On collieion the neutrons 

tion takes place i s  entirely characterized by the cross-section 6 (r). 

We now generalize by considering a medium in which a colliaion can be 

followed by fission, Bcattering, or ablaorption. 

such 8 medium 18 deecribed by the parameters c(r) and f(n,n, r). 

leappeared. A medium in which such propea- 
+ 

In addition to 6 (?) 
-3 + +, -P 

9 
c(r) is the average number of secondaries emitted after a col- 

-* 
lision occurs at r. In the one velocity theory which we are cansideriw, 

the proportione of fieeion, scattering, and abeorption which give rim to 

thie average value are imterial. Only the net effect is significant. 

For pure absorption (the previouely considered cme) c = 0. c = 1 results 

from pure scattering. 

a "c" of unity. 

followed, on the average, by the emission of more than one neutron. 

a medium l a  predominantly multiplying. 

A medium which can fiseion and absorb can also have 

c > 1 corresponds to a medium in which each collision ia, 

Such 

+ 3  3 

-+ -* 

f(n, A', r)dJL1 is the fraction of neutrons emitted in direction 

n following the collision at r of a neutron travelling within d i  of the 
-9 

direction A' It is normalized 80 that 

.$ + +  
Since v@(r) 9 (r, II' ) drr' is the number of collislone per 

+ -+ 
unit volume and unit time at r of' neutrons travelling within d n '  of 



is the number of neutrons of direct ion 2 being produced at  i? due to 

such col l is ions,  With the  preaenoe of t h i s  angular source density the 

equation of continuity m e t  be, rnadified t o  read 

3- t  (3)  
; q(r,n) + a(;) v u- (Et) f(3,A) d n '  

Thipl integro-different ia l  equation is usually re fer red  t o  as the  traneport  

equation, 

a t h  t h e  pa r t i c l e s  of the r e l a t i v e l y  denee material  medium and not with 

eaoh other, I The t ransport  equation (3) thus oorresponds t o  the l inear  

It is l i nea r  becawe we mswe t h a t  t h e  neutron8 co l l ide  only 

u a m  of the general kine t ic  theory Boltrmmn equation. 

Equation (3) is the $ m e  88 (5-3) with q replaoed by the right 

+ +  
hand side of (3 ) .  

(the aolution of (5-3)) with t h i s  replaoenent. This is then M i n t e g r a l  

equation foe #+. In  t h i s  form, it is readily men tha t  t h e  results of 

sect ion (5) conaerning boundary oonditiorm may be taken over direutly. 

The Green's Function of equation (3) subject t o  the boundary 

Hence t he  aolution P(r ,h)  of (3) s a t i s f i e d  6-11) 

condition of zero incoming angular denraity a a t b f i e $  the  reciproci ty  

theorem provided f i s  of the form E ( n - d ) .  

r e l a t i v e  direot ion between incident and eraitted neutron. ) 

- P d  (Le., f depends only on the 

In  pract ice  this condition is a lwor~r s  satisfied exoept i n  8ome 

problems o f  neutron dFffualon In eingle crystals .  For eruch umes the  

present treatment is not  applicablls anyway eince, f o r  example, cr w i l l  

depend on the angle of inoidenoa. 

- + 3  + -b 
To prove the recriprocity theorem let ,  as utmal, p((s,a; ro,q,) 

be the 8 0 ' l u t I O n  of (3) wi th  g a di rec t iona l  point source at  ro emitting i n  

d i rec t ion  no. 

+ 
+ 



and similarly: 

The boundary oonditiona aesooiat;ed with  (4) and ( 5 )  are that there are i.r: 

t o  be no neutrone inoident from the outside. 

when < is on the bounding surfacer o f  the region in whicrh ( b )  end ( 5 )  

are to  hold. n 18 the outer normal to thie eurfaue at r, Multiply 
3 3 

(4) by P(r",-ni 3 - b  rl,-+ 3 (9) by I\O(r,.fL; 4 +  To,A0) and 8Ubtrmt. 

Then : 

Integrating (7 )  over the voltunce of the body we are uomiderfng gives for 

the left  hand side: 

-43- 



- P 3  where S dsnotsa the bounding eurface and V the volume. Since n * n  4 0 or 

-n -a < 0 ,  either 0 (r,a;r0, no) or  + ( r , - n ; r i , -  A . ~ )  are zero because + +  + - * +  -* + + +  + 

of the boundary conditione (6). Hence (8) is zero for  all n -t . The 
volume integral of (7) thug becomes: 

+ + 
Interchenging-nand A' and noting that f ier symmetric In the two we 8ee 

that: 



Hence (10) becomea : 

which i s  the Reciprocity Theorem, 

A continuity equation i n  8 more re s t r i c t ed  sense is abtained 
-* 

by integrating tho transport  equation (3) over a . This give8 

where 

( 1 4 )  i a  ueually referred t o  as the Continuity Equation. 

A d i rec t  eerie8 (Reurnam) mlu t ion  of (3) is obtained by successive 

approximation, 

term. (3) then become8 ident ica l  with (5 3 ) .  The solution given by 

The zeroth approximation i s  found by droppiw the in tegra l  

For the n ' th  approximation fo r  Cy we subrstltute the n-l'th approximation ~ 

f o r  9 i n  the in tegra l  term. The right hand aide of (3)  then become8 a 

known source! of modified st rength land dietr ibut ion.  Thue if we define 

(~$.-ll) gIVe6 for  the n'th approximation 



The succssaive approximations given by (18) differ merely by 

the inclusion of succeeaively more coll ieions.  

density of neutrons which have suffered no col l i s ions ,  

tho6e which have auffsred one col l is ion,  q2 includes two colliaiohs, 

etc.  From th ie  i t  ie apparent that only for c small or for  bodiea of 

small size will the successive terne converge rapidly. 

problem8 this Newn&n aolution negatem t he  whole uBe of the Transport 

Equation. 

solve euch groblemer i n  ~l compact form rather %ban by considering all the 

collisions that neutrons coming from the source experience. 

Thus vo i s  the angular 

includes 

For steady state 

The whole impartlance of the latter i a  th8t it enables ua to  

For time dependent problems the transport equation must be modified 

(in analogy with (2-11) by a term exgreming the time rate of change of 
d 

the awular deneity a t  the point r. Thu6 ( 3 )  muet be changed to 

TQ solve (19) with the condition 

It i a  convenient t o  introduce the one sided Laplace Tranmrfmn defined by 
m 

J 
0 

Multiplying (19) by enet and Integrating from zero t o  inf inity givee on 

u 
0 

J 



* 

If q describes 8 pulse at t = 0, i . 0 ,  

( 22) becamrJ : 

='  "* 

whlch i l a  the ~ m e  a8 (3) with modified cp and C. I n  par t icu lar  i f  

0' be constant we can introduce unltro of length and time such that 

e ' a n d  v w '  are unity. Thie reduced (26) t o  
I 

I 

f + 
d l v f i J I + + = ~ + c '  p f a n !  

The only difference batween (27") and the corresponding e t e a w  state  

equation ie the change of c to c ' .  

of the sta$ionerry e(r,;h) I s  

Thua we see that one Interpretation 

the fsglace Trena3fom of the t i m e  de- 
+ +  

ngulear denelty, AltsmaLlvely the, rsteady state solution m y  be 

from the time endent one. ~f $.#, + +  
,t) is the mlution 

6 7 -  



12, I n t e g r a l  Equation8 

L e t  u8 first consider the case of isotropic scattering i .e .  

In this cage it is rjufficient t o  a~swne iaotropic SOWCBB. Anisotropic 
a + 

source8 may be treated by dividin;., the  neutrono at a point r into those 

corning directly from the 130wce and those which have suffered a collision 

first, With assumption (1) those neutrons which have suffered one 

collision w i l l  be describable as an isotropic source. 

With these sirnplif ications ( 11-3 ) becomes 
-+ -+ 

-9 + +  + -3 + q o ( d  + c-.p(r) 
47r  v d i v n * ( r , n )  + v@(r) ( ~ , ( I , J L )  = 

In accordance with  the idea discussed in section 21 we shall  

regard the right hand aide  of (2) a8 the source occurring i n  equation 

( 5 - 3 ) .  The solution (5-11) of thie equation then t e l l a  us that 

while (5-12) tells ua that 

( 4 )  is an integral equation for the density p . I t  is  con- 

siderably simpler than the integro-differential equation (2) a5 it only 

involve5 a function of the position coordinate r. 

angular density 

If we 50lVe (4) the 
-+ 

may be obtained by insertion of tho reeul t ing p (r) 

in ( 3 ) .  

This prucedure f o r  the solution of the transport equation l e a  

readily generalized t o  the case of' scattering functiono f which are, or 

can be approximated by, polynomials i n  ZL-n. 
+ + I  (Scattering laws, such as 



the  Rutherford law, which are efwular arc thus excluded). 

such a polynomial of degree n i n  n - n t h e  transport  equation w i l l  have 

a8 ef fec t ive  sources terms involving angular moments of 9 up t o  the n ' t h  

If f be 
+ +, 

order. 

with (3) ,  the angular denslty i n  terns of these moments. 

this equation by various powers of the components of A and integrations 

over n' giveo a8 the analog of ( 4 )  a set  of. integral equations For the 

moments involved. 

culate the angular denaity. 

Using these terms as the Bource i n  (5 -11 )  givea, i n  analogy 

Multiplying 
4 

-b 

After solving these equations one can go back and cal- 

IV. Uniform I n f i n i t e  Medium with Iaotropic S c a t t e r i q  

For t h i s  case In which c and 6 are independent of posit ion the 

formulae can be simplified by takinh; CF and v t o  be unity ($.e., we measure 

distance in,  units of the mean free path and time i n  uni t s  af J/v). 

13. Source Free Solution 

I n  these new units equation (12-4) gives as the in tegra l  

equation fo r  the neutron density i n  the absence of sowcee 

Consider aolutions of the form 

+ 3  
ik- r 3 

~ ( r )  e 

with 

- + +  
k = ku 

-c 
Here k is 63 complex number and u a uni t  vector. These are t o  be 

determined so that ( 2 )  i s  s solution of (1). Inser t ing ( 2 )  i n  (1) gives 

( 3 )  



Hence (2)  I s  a solution i f  Ir = ko where ko 18 a solution of 

Thus 

is a solution fo r  arbitrary 11. A more general solution of (1) is 

obtained by adding solutions of the form (6)  e Thus: 

-+ 
where f (u )  i s  an arbitrary function. 

With tho restriction that P ( r ) eWr  is t o  vaniah f o r  r going 

t o  inf'inity (7) constitutes t h e  most general ~ o l u t i u n  of (1). Thls m y  

be ahown by a simple generalization of a proof given by Titchaarsh * , 
Titchmarsh treats 8, rather broad clasa of one dimensional, singular, 

displacement in tegra l  equations. Here we will r e a t r i c t  ouraelvee to 

stating the proof for the one-dimenoional form o f  (1) and then skotchim 

b r i e f l y  the comae of a proof of the complete generali ty of the solution ('7). 

Consider the one dfmenaionaL integral  equation: 

p ( Z )  = $ /;(zr) E ( I z - z ' I )  dz'  ( 8 )  

-Po 

Try as a aolutfon:  

k, a 0 c tan-' (1 .-- k 
Thus 

3t 
E, C. Titchmarsh, "Theory of Fourier Integrals" Sec. 11-2. 



solves (8) provided ko s a t l e f i e s  

There are two solutions of (12) which may be denoted by ko and -ko. 

A general aolution of (8) i a  then 

"he theorem t o  be proven i s  t h a t  a13. solut ions of (8) such t h a t  

p ( z ) e - " ' i s  bounded by .sa l z l  + -are? included i n  (13) for  

a r b i t r a r i l y  small 6 >O. To prove t h i s  the following le- is needed, 

Let 4 (k) be regular in the s t r i p  (where k = 6+ i t )  ai f t 6 1  

and $ ( + i t )  be absolutely integrable  orer  cr from - - t o  @ i n  t h i s  

strip, Let J. (k) have the shme propert ies  i n  the s t r i p  -1 6 t < b where 3. 

for all, z ,  where a and h are in the regularity strips of 9 and (t, 

respectively . 
Multiplying ( 1 4 )  by eizw where w = 4 + i and a c q, 4 1, 

integrat ing with respect to z from o t o  00 

of integrat ion gives; 

and interchanging t he  orders 

ia+ QQ i b t  go 

(a '7 (1) f @dk* k-w dk = 0 

la -  01 ib- ~a 



By Cauchy's Theorem: 

Subtraoting (16) from (1s) yie lds:  

The left hand side of  (17) i s  aneilytic for b 7 2 1 and hence provides 

the continuation of  #(w) throughout this strip,  

Similarly on8 can ahow that 

whioh give8 t h e  analytic continuation of p ( w )  over -1 7 .C a. If 

b < r  <a, the l e f t  hand sides of (17) and (18) are equal and so i n  t h i s  

region 

$e) = - pfw) 
and +(w) is analytic in the  s tr ip ,  

With the same conditions i t  am be shown that +(w) tends to 

I 5 1 -  zero uniformly in th is  s t r ip  a$ 

The completeness theorem is now readily demonstrated. Let 

This is regular for -1 4 t c 1, 



Let 

0 
P 

which by the conditions on the solution p ( z )  are regular in the 

reC;ions 1 - E < t and t c - (1 - E ) , r e spec t ive ly .  Then, i f  1 - 6 < a C1, 
6 

ib+ 8 

By t h e  Convolution Theorem: 
ia+ m 

u 
0 ia- 00 

IneertinG; (23) - (26) in ( 8 )  gives: 

,is+ @ 

-73- 



Using ttie lemma one ~ e e ~  from ( 2 7 )  that 

throughout the strip b 4 t < a, and both sides are analytic there, 

Hence 

simple poles at the two zeros k and -k of 

# + ( k )  = - $_(k) and Sh,(k) is analytic except posaibly for 

0 0 

c tan'' k 
k 1 - v s  K ( k )  = 1 - 

Adding (23) to (24) and using the relation between $+ and 

16, gives: 

ib+ a, 

Since $+(k) vanishee at infinity in the strip b < t c a ,  the 

integrals i n  (30) may be evaluated by residues giving 

p ( z )  = (conet.) e ik oz + (conet.)  e -fkoz 

which is what was to be shown. 

It can be seen that a correeponding proof for the generality 

Instead of Fourier of the solution (7) of (1) is readily constructed. 

Transforma of one complex variable k, one must take Transforma In terms 

of three complex variablee kx, ky, kZ. 

functions which are equal to it in one octant and zero elsewhere one can 

define the eight corresponding transforms, each with the i r  appropriate 

regions of analyticity i n  complex k apace. 

3 

Decomposing p (r) into eight 

Paralleling the one dimensional 

proof the various transforms can be shown equal up to sign and analytic 
c) -+ tan-1 where k = k n  . - 2  k excegt for simple poles at the zeros of 1 
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+ 
'Expressing p ( r )  in terms of integrale over the Fourier Transforms 

and changing to polar coordinates in k space makes it again posaible 

to evaluate p ( r )  by mean38 of residues, 

(7). 

condition that p (r) e 

arbitrarily small > 0. 

3 --* 
This leaves p(r )  in the form 

Bence (7) is the general solution of' (1) consistent with the 
.+ -r 

be bounded by Me-'" for r -+ 00 with some 

From (7) it is very easy to obtain many intereeting propertieia 

of the infinite medium aolutions,  Thus on differentiating we obtain 

or 

(32) 

(33) 

-h 
i , e .  p (r) sa'tisflea the wave equation with wave number given by ( 5 ) .  

Equation (33) is particularly helpful In finding the infinite 

medium solution8 correspondiw to special symmetries, Thus on the assumption 

of spherical symmetry (33 )  becomes: 

with the unique solution for all r: 

sin kor 
r p ( r )  = (constant) 

I n  case of plane symmetry where the only variation i s  in the 7 direction 

( 3 3 )  simplifies to 
\ 

with the general solution 



Returning t o  the  solution ( 7 )  we Bee t h a t  under t h e  conditions 

of t h i s  section (12-3) gives for the angular density 

+ 3  3 . h d  

Inser t ing  the solut ion (7) gives 

On carrying out t h e  R integration 

Let us def ine the n ' th  mgular moment lY2 by 

+ +  
Mni =J ( n 3  Ani) yl(r,n) d n  

i=1 n 

(38 

where 

L3 "i"" 

3 we obtain on multiplying (40) by lTi rCni and integrat ing over f i t  
i 

For n =: 0, $bn = 1 and ( k l r )  gives 

which I s  just  (7). 



1. i + 
For n 3 1, 9, an6 M~ arc? cornponenix of vectors. ( F I ~  is 

j u s t  the c u r r e n t  i n  . the present units. ) 

+ 
Since u I s  the only vector In (46) symmetry t e l l s  us 

as 

+ +  
u * u  = u2 1 

3 -9 
Takin,: t h e  scalar product of the vector 66 with u [Sivea on remembering 

1’ 
(48): 

c - 1  - -  
IkO 

Hence 
6 

and 

J 

But since 

+ +  + +  
+ ik u * r  f(u) e a u du -/ + ik u‘r 

f ( u )  e D 
1 2q-J 

or 

where 

6 -1 D = -  
2 

ko 
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Incidentally i t  might be noted that elementary diffusion 

theory i s  based on the assumption tha t  (54)  does not only hold i n  8 

Gource free inf in i te  mediuri but; t ha t  it has generally val idi ty  and that 

furthermore D = 1/3. The range of val idi ty  of t h i e  approximatlon w i l l  

be discussed later 

For n = 2, M and Q are symmetric second rank tensors. 
2 2 

Again by aymmetry we see? 

Taking %he trace of #2 we obtain 

ii - 
T r q 2  = (#J2 - xl + 3 %, 

But from ( 5 6 )  

Hence 

x i + 3 x * = 1  

i 3  Multlplying +2iJ by u u and a m i n e  gives 

o r  

Solvint; (60) and (62) yields 



Inser t ing ($7)) (63) and (64) i n  (44)  gives on usiw (52) 

I n  plane problem where the only s p a t i a l  var ia t ions are i n  the direct ion 

of the  vector + n 

o r  on using ( 3 6 )  

It should be noted t h a t  by methods similar t o  those used here 

one can express the  n'th moment i n  terms of the first n derivat ives  of 

the density. 

Since the roots of ( 5 )  are of decisive importance f o r  fu r the r  

We w i l l  a l so  consider developments we will now examine them i n  de t a i l .  

various erfgnfficant functions a0 these roots.  

For c > 1 k is real. If c < 1 it is imaginary. I n  this 

Then 

0 

la t ter  case we w i l l  set ko = i 4,. 

je 

The results ( 5 4 )  and (65) have been obtained by P, R .  Wallace, Canadian 
Journal of Research 26A, 114, (1948). - 
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I n  par t icular  

c = o  : 4 = 1 0 

c = l  : $ = X  = o  0 

Graphs of yo and ko are given in Figures 1.6 and 17. 

length if3 defined as l / Y o .  

diffusion length moves very rapidly t o  unity, which i n  OUT units 

corresponds t o  the mean free path, Even for c = 0.6 we f ind  )io = 0.907. 

This shows that scat ter ing must predominate t o  a very grea t  extent  before 

the diffusion length is appreciably larger than the mean free path. 

The dif'fuaion 

Fig. 16 shows that w l t h  decreeefng c the 

The fol lowiw expansions represent ko and 4, in a wide range 

of c .  

2 4  2 4 - 1 2 ~ + ~  e- ; 4-c - - 2 2 

2 x 0 = 1 - 2 e - c ( 1 + -  C e C I "  
c 

2 24-20~ i -3~  2 4  e- c 
2 

A* = 1 - 4 e  C 2 C 

1 2 20+12c+3c 2 4  e- c +  
c 2 C 
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= (1 - 0.4(1-c) - 0,0685714(1-~)~ - 0.01.6(1-c)~ + 0.0024638(1-c) 4.... 1 

= 3 (c-1) [l - 0.8 ( 1 - c )  + 0.022857143 ( l - ~ ) ~  

+ 0.0228y7143 ( I . - c ) ~  + 0.02242968 (1-c)  
4 

+ 0,02154846 ( l -c) '  + . . e )  

, and 

-a-- - 1 - 1  

ko2 4 0 

(~-d 108 
( I - c )  f - ( 1 - C l 2  + & 175 (75) 

{l + 0.8 (1-c) + 0.6171429 (l=c)* + 0.4525714 ( l - ~ ) ~  

+ 0.3072356 ( 1 0 ~ ) ~  4 0.1818457 (1-c )* + . . ] 
a -m 
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Future applications will require knowledge of - a,2 . Differ- 
dc 

entiating ( 5 )  we obtafnt 

Differentiating the above series expansiom for k: gives: 

c 44 1: - 

2048 - 3072~ +12b8a2 - U 2 c 3  -6bc e t .... 
,.203 

434- 



3 1? 2 16 1 - - ( 1 - c )  f - (1°C) f -- (1-c)  I :  1.75 17 5 

We have seen t h a t  D def ined  by 

occur8 in mny fundamental W ~ Y Q .  P s m  the previous resulta for k we flnd 
0 

128+48c+18c2+3c3 - - 
+ 16 e c + .... 

3c3 

J 



It  may be noted that (73) i s  the expansion of - in t h i s  region. 

c ,21 
lJ-3 - 

80 1 2 2688-32v2 1 3 
&? (1) c + - r4 (-) c + ( 1 

3 2  
D =  

32256-896 rr2 
+ (  

3 

Another useful quantity is 

Special values are: 

c = o  : 

c = 1  : 

c = O o  : K = 2  

Expansions are given by: 

- c L < l  4 

(87) 

2 8 - -  
2 e c  

C 

K P -  
C 

2048-1536~+28&~-12~ 3 4  - - 
4- e c + ..*. 

36 3 

The values of Ao, ko3 kc:, 2 

Table 8, 

c fo r  c < 1 is shown in Fig. 18. 

Table 9 gives k'' and ko at; 

dko 
_3_ t D, - and K are given in 

smaller intervals. 
dc w K as a function of 



ako2 I 

C ** ( 0  = - %  D G K 2 -  dc 
2 

b 
-4 
I 0 9 2  . 94 . 96 

98 
99 

1.00 

1.000000 
1.000000 

0 999909 
0 9 9 7 m  
985624 

0 9575% 
907332 
828635 

onQLiL2 
.525’430 
*47402 
.U3976 
.340829 
242983 
.172511 
0000000 

1.000000 
1.- . 999818 . 994834 

0 973.454 . 9168lh 
.823252 
.686636 
.5am 
.27&76 
.22L678 
.I71376 
.U.6165 . 0 5 m  
0029760 
e 0 0 0 0 0 0  

1.000000 . 90oooO 
.8ml45 . 703635 . 617631 
.545367 
-485878 . 436913 
0396281 
.362219 
,356065 
.350108 
3ur339 

.338750 

.336021 . 
0333333 

.577350 . 608581 
,645438 
-688281 
734641 . 781799 . 8282 77 . 873458 . 917138 . 959300 
967553 
975751 . 983889 

I. 99197h 
995993 

1.000000 

.oooooo 

.00727? 

.081763 

.23O!%i 

.399152 
-556794 

.812832 . 933650 

-0 U8403 -5 ) 

. 69h706 

931990 
949774 . 967024 

.983759 

.991940 
1.000000 

POINT SOURCE IN INFINITE IWIUH 

P m  I 

TABW;: 8 



I dLc J L  ac 

1.0 
1.1 
1-2 
1.3 
1.4 
1.5 
1.6 
1.7 
1.8 
1.9 
2.0 
2 -1 
2.2 
2.3 
2 .t 
2.5 
2.6 
2 *7 

3.2 
3 04 
3 -6 

6.0 
6-F 

,00000 
,56927 
,834Slr 
1,05708 
1 25981 
1. b5110 
1.63500 
1.81378 
1.98883 
2 ~6107 
2,33112 
2 eft9945 

2 e 99699 
3,16101 
3 -32h35 
3 ,48710 
3 64935 
3.31116 
3 -972% 
4-29W15 
4 6193  

5 57300 
6.36761 
7 ,16016 

10 -31935 
11.10757 
11089542 
12,68296 
13,47025 
1& ,25733 

30858 
*%717 
e26848 
,25203 
o 2374s 
,22&S 
,21218 
20225 
Z92n 
, 18402 
.1?608 
,16879 
.16207 
a 1 5 5 8 7  
.15012 
014478 
,13960 
-13516 
.13081 

,11929 
.12673 

,11265 
10675 

,101ir2 
0 9 6 9  
,06632 
, 07802 
,07118 

06055 
05634 

.05269 
04947 . Oh663 

,04409 
,Oh182 
,03977 
,00000 

O G L L  

1 .ooacIo 
1.03933 
1 07739 

1,15005 
1.11426 

1.16it82 
1.21866 
1 , 251b3 

1.31518 
1.28378 

1*34587 

2.34628 
2,43229 
2.51537 
2159519 

38Q 
9bo 
337 

2. e9536 
88 

POINT SOURCE IN INFINITE MEDIUM 
(Part 2) 



I 

I 

PART 1 c (1 

a 00 
c 01 
a 0 2  
03 
04 

a 0 5  
06 

0 07 
a 0 0  
09 

0 10 
a 11 
012 
a 1 3  
.l4 
a 15 
16 

a 1 7  
, 18 
19 
, 20 
21 
22 
23 
24 
25 
26 

0 2 7  

28 
29 

o 30 
a 3 1  
a32 
033 
a 34 
*35 
a34 
37 

038 
.39 
40 
Id . j2 

0 43 
44 
45 
46 

.47 
46 

a 49 
50 

1 a 000000 
1,000000 
1 a 000000 
1 .oooooo 
1 ,000000 
1 a 000000 
1 a 000000 
1 000000 
1 *oooooo 
1 .oooooo 
1.000000 
1, 000000 
1 a 000000 
1 000000 

o 999999 
‘ ,999997 
.999993 
999984 

o 999970 
.09999&6 
0899909 
999854 

0999774 
999664 
999.51 7 

a999326 
0999081 
a998776 
998402 

098,7951 
099744 
0 996783 
e 996(1$0 
a 99908 

0 993L44 
e991947 
990591 

a 989OYO 
0987436 
985324 

o9OU99 
979175 

a 976669 
0973 9 76 
0971089 
968004 

0964715 . 961217 
9,57504 

,99424a 

983 647 

-8 9- 

- 000000 
- a  000000 
* 000000 
-*oooooo - 000000 - a 000000 - a 000000 
= oomoo - . 000000 - q 000000 
.. 000000 
-.oooooo 
= a 000000 
-*000001 
-. 000002 
- 0  OOOOok 

000009 - a ooool4 
- 0  OOOO24 
-,000037 - 0000S;s 
-.000080 - e 000110 - 00014 7 
-p000191 
-*ooo2lr5 - 0 oO0305 
-a000374 
- e  OoO4S1 - 00053 7 
- a  000631 

a 00073 3 
= OW842 - 000960 - 001084 
-6 001217 
-0001356 - OOlSO1 - oOOI.654 
-,OOli j12 
-oOO1977 - 002148 - 0023 24 
-.002506 
-* 002693 
-e002887 
- e  003085 
-a003289 
-.003L98 -. 003 713 

50 
51 

a 5 2  
053 
54 
55 
56 

057 
*!a 
59 

,6O . 61 . 62 
63 
64 

a 6 5  
, 66 
.67 
0 6 8  
69 

a 7 0  
a 7 1  
$12 
73 

o 74 
.7s 
76 

o 77 . 78 
o 79 
80 

.81 
82 
83 

884 
005 
0 86 
87 

.88 
089 
90 
91 
92 
93 

a 94 

.96 
a 97 
98 

e 99 
1 a 0 0  

0 95 



PATIT I1 c , t l  I 

1.00 
1.01 
1.02 
1.03 
1.04 
1.05 
1.06 
1.07 
1.08 
2.09 
1.10 . 

1.14 
1.15 
1-16 
1.17 

. L 1 8  
1.19 
1.20 
l a 2 1  
1-22 
1.23 
1.24 
1.25 
L26 
1.27 
1.28 
1.29 
le30 
1.31 
1.32 
1.33 
1.34 
1.35 

lR48 
1.49 
1.50 

1.50 
1.51 
1-52 
1053 
1.54 
1055 
1.56 
1057 
1 .S8 
1.59 
1.60 
1.61 
1.62 
1.63 
1.64 

1.66 
1.67 
1.68 

1.65 

1.69 
1.70 
1071 

1.73 
107b 
1.75 
1.76 
1.77 
1,78 
1.79 
1.80 
1.81 
1.82 
1.83 

‘ 1.8l.1 

1.72 

1 . LSllOh 

1 4883 05 
1 A69779 

1.506923 
1.525397 
5. S J d  808 

1 e580452 
1.562159 

1S98689 
1.616872 
1 635003 

1.67llI4 
1 . 689098 
1 , 707036 

1.742780 
1 . 760589 

1 796087 

1.643083 

1 o 724929 

1.7183% 

1,813779 
1 831433 
10 849052 
1 . 866636 
1 . 884186 
1 . 901703 
1.819189 

1 . 971462 
1 . 900 82 8 

1 0 93 6643 
1 95 LO67 

2 o 006166 
2 ~ 2 3 4 7 7  
2 . 040761 
2 . OS8 020 

2.092462 
2 . 109647 
2.126809 

2 161065 
2,178161 

2 . 212288 
2.229321 

2 i263329 
2 . 280305 
2,297262 
2 . 314201 

2 075253 

2 .1439~a 

2 195235’ 

2 246335 

2 ,331122 

-90- 
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.. . 

C k0 

2 boo 2 J3I.122 
2 001 2 ~ 4 8 0 2 7  
2.02 2.364914 
2.03 2,381785 
2.04 2.3 98640 
2.05 2 . 41S479 

2 b49111 
2 *465?05 
2.482684 
2.499449 
2,516200 
2.532938 
2.549662 

2.06 2 A32303 

2 .!%6373 
2.583071 

2 616L30 
2 633091 
2.649741 
2,666378 
2.603004 
2.699619 
2 , 7162 23 
2 732816 
2.749399 
2 . 765971 
2 o 782533 
2 799085 
2.815627 
2.832159 
.2,848602 
2 , 865196 
29881700 
2 . 898195 
2.914662 

2 . 947628 
2.964089 
2 980542 

3.013422 
3.029850 
3 046271 
3 .062684 

2 *&6 3 099#3 
3 1118 79 

3.144639 
2.50 3 161009 

2 4 599757 

2 ,931159 

2 0 99698 6 

3,079090 

3 .~8262 

It0 

3 0161009 
3.177372 
3 e193728 
3.2l0070 
3.226421 

3 . 259088 3 2b27S8 

3 275L313 
3 291731 

3 ,324349 
3.3000h3 

3 340650 
3.356944 

3.40!5795 
3.422067 
3 ,438334 
3 a trS4596 
3 470853 
3 .b8710b. 
3 503352 
3 ,519592 
3,535829 
3.552060 
3.568287 
3 584510 
3 . 600727 
3 a 616940 
3 s6333.49 
3 0649353 
3 0 665553 
3 601748 
3 A97939 
3 714126 
3 0730309 
3 e 746487 
3 762662 
3 c 778832 
3 e 794999 
3 811161 
3.827320 
3 e843b75 
3 859626 
3 e 87577b 
3 o 891917 
3.908058 
3.924194 
3 a940327 
3.956G7 

3 a373233 
3,389517 

3.972583 



I 

3 972583 
4 e133665 
4 294446 
4.4S4958 
4 615231 
4.775288 
4 a35150 
5 09483 7 
5 0254365 

5 572996 

S; *8911bl 
6 050055 

5.423747 

5 73 2124 

6,208875 
6.367607 
6.526258 
6.684834 
6.843340 
7.001781 
7 . 160161 
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c and O- the btsgral equation (12-4) for the neutron b e i t y  in the presence 

of an iaotroplc eource can be simplified to 

me solution, P (r'- go), corretspon~ng t o  a unit isotropjlc point source at P 

i f 3  

R ~ ~ 3 & l t 8  concerning the: point and plane source solutiion b v e  been dertved 
by eevwralsuthors in tit mm or lerrs s b i W  way, 

(1) W. Bo-, $inige D 

(2) G. Placsek, Unpublished Report to the Briggo Committee, 1941. 
(3 )  G.  Plcsceek, Dl%Rtefon of Tplsrasaal leutrons, Phye. Rev, - 60, ~166, 

(4) E. Po W l g n e r ,  Thg Di.ffusion o f  Slow Neutrons in AbeorbiapS Materiale, 
Claseified Report Am, israw8 August 11, 1941. 

( 5 )  W. B o w ,  Die Dfffwiovl von elner Punktguelle A m ,  Zeit. f'. phys. 

(6) B. Davisron an8 R. Peierls, Density Distribution naar a Point S o m e ,  
British JhclAsrsifled Report W'j'6, 19430 

(7) 0 .  Phczek a d  G, W. Volkof'f, Notes on DifA\eion of Neutrom Without 
Change i n  Emrgy, Canadian Declassified Report rarjc4, (lfRC!-l548), 1943. 

( 8 )  E. Pa W i g n e r ,  Solution of BOltremAnn*8 Equation for Monoenergetic 
Neutrons in an Infinite EamDggneous Medium, Classified Report 
CPll20 ieewd November 30, 19430 

Th@ contents of t h i s  and the subsequent eection go coasidgrerbly beyond 
w h a t  may be found in these papers. The numerical msulte presented here 
are en extension o f  work by Ben& Wrleon contained ia unpublished Montreal 
comgutlng reports, In wajlch a180 of the analytical ecxprereeiow &wived 
below have been given for the first time, aer well ba of AIPCD-1943 (LATZ-506) 
entitled, "Neutron Deolsity, Point 80urce and Plane Bource'' by 
#. Qolilsteln et ax. 

ions Problme, Zelt .  f. Pbys. --.c US, 401, (1941). 

( Igkl) 0 

119, 493, ( W Q ) o  



%me the aubecript "p" haas been & w e b  for cmvdBDce0 

In a,n W i n i t e  madim wlth c )1 there is, of cow~le,  no steady 

atate solution when EIOWC~B w e  present, A neutron CQI&I~ Srom the source 

produces mre ttan one neuWon whlch in turn each psodwamre than one 

neutron. Conesguently the neutron dae9ty is everywhere continuouely in- 

have a netan- axso for c>l. Moreover, the inflnlte rrmsdium Crmmnl~ function 

ie 02 importance iin the treatment o f  problem 1xvol.ving finite mU, For 

these foo, there can e x i s t  ertationaxy mlutions though c be larger Wan one, 

For c 4 1 $he quethtfcally fn.t;egmble wlution of (3) may be 

obbintSd by t a k w  Fowler transform& The! general solution of (3) is then 

faun4 by ad&Lng th@ general eolution (13-7) of the hcmogeneoucd equation, 

For c )1 the Fourier transfomn afpwP11 be ~hown t o  have pole~3 on We real 

4 s  In the egace of the tnmaform m.rlabla. As erhowa in Appendix C at 

p w t l c u l a r  solutfm of (3 )  i e  obtained by specif%bzg a pa'b sround the 

pole, The general eolutien m y  thwn be found as aboveo 
+ + 

If (IC) denofee the Fourier transfbmn of P (r) we have 

!lWdng the Fourier tranSform of  ( 3 )  yield@: 



ok 

diresLncs *om, the or%gino When c = l, the pole i e  st the origin, 

t&e axi0 of reale; for c ) 1. Thw, if c#1, one o'btarine on expanding in 

It lies OR 

powers of kt 

t h a  exl;wusslon 

st c = l  is 

a decrsasts Zn 



the nab@ o f  ncutmnu e&er a collision. The neutron density xf l l  men 

decrease exponentially at Imge &ts.t;susces ancl the m o m t e  will exist. When 

3. 
P ”  i7z 

0 

Aar exmiplea we note that from (10) It follows 
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and thua t h a t  

(20)  expresses t h e  obvious f a c t  

2 
1 - c  
:- 

t h a t  the la rger  c ( i .e*,  the la to8  abaorption 

there i s ) ,  the f a r the r  a neutron will go on t h e  average, 

Since the  dens i ty  i n  (18) is normalised t o  a dlourol emitting one 

neutron per second it yields,  on nomnalising t o  8 neutrone per second and 

returning t o  ordinary units, the  perspicuous resu l t  

where ra = s(1 - c )  is the  absorption cross sect ion,  

physically expected r e s u l t  t h a t  the total number of neutrons praaent ia t he  

number emitted per second by t h e  eource timeer the mean lifetime for  absorption, 

Thus (21) tstates t h e  

To obtain p ( r )  we w e  t he  inversion formula 

a 1 J?(k) k s i n  kr dk 

0 
(2 n2)r 

Before evaluating t h i s  i n t eg ra l  l e t  us examine the  behavior of 

p fo r  s m a l l  r. 

the even moments of p were related t o  the  behavior of 4 i n  the neighbor- 

hood of the  origin. There exiSt many Abelian and Tauberim theorems relating 

Thie can be done i n  a manner similar t0 the above, where 

b 

the asymptotic behavior of B function and i ts  transform, We will prove B 

speaial  ome of one which w i l l  give us the dominant term i n  p for small r 

and then s t a t e  t he  r e s u l t  of using the other theorems. 
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T b l ~  fs Juat what we would expect since the neutron denaity due to 

neutronlp comSng fraul the ~ou;rce without suffering EL collision is 

Returning to tbe colpplete expreserion for the deslaity we note 

that (22) can be written a8 
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In  Appendix C it is shown t h a t  t h i s  i n t eg ra l  can be tramformed 

where yo is t h e  posi t ive root  of (13-68) and 

1 
g ( c , p )  : -1 2 (31) 

(1 - cp tanh  A f ( p A 2  

Numerical values of g(c,,u) are given i n  Table 11, This function i e  

graphed i n  Figure, 19. 

The general solut ion of (3) obtained by adding the general 

solut ion (13-7) of the  homogeneous equation is  

+ 3  

f f (u’) e’KOuprdu J 
with  f (d) an arbitrary function, 

The general spherical ly  symmatric solution is  obtained from 

thirs by averaging over the  d i rec t ion  of 9, 
Since 

: (conat) % r  
r 

(33) 

and 

We 888 t ha t  t h e  general spherical ly  symmetric point  80wce solut ion is 
f 

where is  an arbitrary constant, 
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It should be noted that instead of ueing the averaging prooesrr 

of (33), the general spherically syrmnetrio eolution of (3) oould also have 

bean obtained d i r m t l y  by adding tha general spheriaally eymmetrio InfAnite 

medium eolution (13-3s) t o  (30). 

Returning t o  the partiaular point souroe 8olution (3, we nota 

that for suff ic iently ZPrge d i s t m e s  the firlst term will predominate rince 

it vanishes lees st$ongly than ellr while all aontributiona from the integra3 

vmi8h ae e-r or faeter. 

th i s  eacond term dominate8 and behave8 almost l i k e  eor/127(r 

Below it will be men that for s m a l l  distacrcsa 
2 For diacuasion 

it ia then convenient to decompose into 

p ( r )  2 P ( 4  + p&) 

where p,, the asymptotic density, i s l  the first 

and consequently 
.1 rf. 

Defining 

gives 

(36) 

part of (301, L e . ,  

Having previously obtained the even moments of the to ta l  density, 

we will now obtain those for the asymptotic and non-asymptotio densitleer, 

The even asymptotic density moments, Apn' are defined by 
r 

Using (37) we obtain 
8 





Thus a 

Incidentally t h i s  also determinesthe even moments with relspect t o p o f  

From (17) and (42) we find: 
1 - K  N -- 

0 1 - c  
I 

Table 12 giver Nm/ml f o r  even m between m Z 0 and n z 20. 

No, N2 and (r2Iav(non-as) w e  p 

average8 of r are given i n  Table 13 and plotted i n  Figure 22. 

tad i n  Figures 20 and 21. The varioua 

2 
/ 

On looking at Figure 22 and Table 13 we m a  that  f o r  c small 

(r2)rv coincides very closely with r2 (non-as) i n  agreement with t h e  

previous obaervation t 

non-asymptotic d i s t r  

N 2 (mean f r e e  path)2 f o r  c (1. 

tha t  it can be quite inco ect  t o  consider the non-asymptotic d i a t r i b u t i o n t o  

be negligible a f te r  a mean f r e e  path from the source. 

av 
t for  large absorption most of the neutrons are in  the 

on. It should be noted also t ha t  (r2)av(non-Ps) 

(For c > 1 it decreases slightly.) We sea 

For a aomplete determination of the non-asymptotic distribution we 

must comider the function g ( c , ~ )  of equation (31) (Table 11, Figure 19) 

i n  greater detail. This function is of great importance since if also OCCWB 
t 

-108 - 
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i 
in tka integrand of many more capllcated neutron problew, 

Liana hence 

and becomes steeper, For c very lamall  

g ( c , ~ )  since the integrals can %hen often be perfomd  analytical^. 

~ h u s  fnsert;fa6Z (58) i n  (38) g~ves QB an expansion for the non-aeymptotfc 

denaity p(r)  
7 
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nml 

(60)  m y  be wed t o  investigate the behavior-of f (r) for 0: ~mbll" 

Rowever, t h i s  may be found more afrngLy wing (a), Thurs from (361, (3'71, 

Inserting the expansion (28) for P (r ) we find for  r rsmall 

J 

Hence: 

1 



i 

(from (13-82) ) 

c >) 1 

Thus we m e  the slope of ( x ) a t  the origin changes sign as  

c increases. Indeed, using Table 8 and the expansions (13-80 t o  13-82) one 

inds tha t  s ta r t ing  from the value 0 a t  c : 0, e'(0) rises t o  a maximum 

of 0,635'89 a t  c = 0,3404, then decreases becoming negative a t  c z 0.7647, 

For c large et(0) is asymptotically a l inear function of c, 

From (62) we Bee t h a t  the coefficient of r210g r in the 

expaneion of < (r)  a l s o  changes sign as c increases. For c <2 8 it is 
nu 
II 

positive. For c > It I s  negative. 
x -7 , 

It may be noted that  the equation f o r  ( ( r )  i n  the vicinity 

the  o r ig in  (62) is actually more l icated than that for t h e  t o t a l  

denrslty (28), However, it is advantageous t o  use <(r) since it is more 

1 convenient i n  l a t e r  work. 

The behavior of C ( r )  i n  t h e  opposite limit of r >>1 may a lso  

obtained rather simply. Making t h e  eubetitution 

/Uf- I 
4 1 + x  

In (40) yields for  a rb i t ra ry  c and r 

c (c , r )  = r p d c ,  l+.x 1 e-= dx 

OT r >> 1 only, the region x << 1 will contribute appreciably 

region g (c r z )  1 can be approximated by 

-11 9- 

t o  

(73) 



x / 2 a  -2/c where 

Intraducing (76) into (74) an8 substituting 

y = r x  

x = log 2r - 2/c b 

it& repe&ed w e  of the relation 
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4 

TABLE 1s 

THE FUNCTION f(h) 
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1 :- d 1 d 

1 f ( - 1% g )Z  d l o g  Y 1 + ( A -  l o g y  )2 

x - log g: )2 

n lr 
(82) 

z - y -  d 1 
d Y  

I + (  
and integrating by parts one f inds 

The above properties of f( A )  allow UI now t o  discuss t h e  

aPrymptotic behavior of C(c,r), We have, of courpIe, t o  keep i n  mind t h a t  

large negative values of are compatible with the  oondition r >>1 onlp if 

o <<le Small valuea of 1 h\ sre only possible if  o 0,4, For larger c 

the  maximum of €(r)  (if it exis t s  a t  all) w i l l  be a t  distance8 which are 
' 8  
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not large with raeJpect t o  1 and heme cannot be, t rea ted  by asymptotic 

methods. 

p rac t ica l ly  the  whole range of € ( r )  s t a r t i ng  from C ( r )  = 1 + 0 (c)  f o r  

log r << 2/b via the  maximum f o r  large r and the  subsequent decrease f o r  

still larger r. For c z 0.4 or 0.5 only the  region t o  the r i g h t  of t h e  

nuixirmun is asymptotically describable, 

t i o n  w i l l  only hold when C(r) is already small crornpared t o  one., 

I n  other wordst For c ((1 the  asymptotic formulae w i l l  cover 

For c >> 1 the  uymptotic descrip- 

The q r a s s i o n r s  f o r  € ( r )  fo r  large r i n  the  various l imit ing 

cum# following from the  above expanaiona f o r  f ( A)  are as follows: 

log r << 2/c (.'. c U l )  

€(c,r) = 1 + c (log r )  + 1.2704 i 
log 2r s 2bc ( .'. c 5 0.4) 

In  t h i s  c m e  we see t h a t  the maximum of e ( r )  is 

This includes a l l  c f o r  su f f i c i en t ly  large r. "Suff ic ient ly  

large r" mearm 
log r >> 2/c c < < 1 )  



The ultimate aeymptotic behavior f o r  a l l  c is  thus 

c (C,r)- L 
c*(log rl2 

the  function From Table 16 for 

Uning our pretsent cucponsions we can now investigate the point where 

the asymptotic neutron density begins t o  dominate the non-asymptotic density. 

Expresaring 6 (r) i n  term of f ( h) by m e a  of (78) and using the amall c 

expreersing for  q0 and %' (appraximately valid up t o  0.4), we obtain 

p z e' : 2ra -2/c 

The oondktion t h a t  p(r)  = p,(r) i a  then 

I Here e p  may be put equal t o  one without appreciable 

A w - 2.78 
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ewZa 0.9. !J?hese are plotted Sn BSgures 26 and Go The ra t io  paB/ p 88 8 

f'unction of r is given 5n Table 19. Tlilis l e  plotted in Figures 28 and 29, 

CoargarlnpJ Figures 26 and we note that the behaLvfor of the 

densitiy in the vicrtnity of the wig33n -lea considerably with cc  For 

c - 0,s 4Tr P decmsee mnoton$cal2;y, On the other hand, when c = 0.9, 2 

%n the nonlasymptotic density. Further light on this is found In FQgureer 
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15. hat ropic  Plana Sourae 

To obtain the neutron density corresponding t o  an isotropic 

unit planes source at z s 0 we use the result  of Appendix B. This t e l l s  

us that the unit  plane source solution with plane s-try is related 

t o  that for the uni t  point eource with spherical symmetry by: 

(z) z 2'f Rpp(R) dR 
p Pa r 

I B I  

Using the particular aolution (4-30) Tor the point source give88 

We Bee that the fir& term i n  (2) i s  d o m i m t  at large dietanoes 
s 

from the source and the second at small distanoes. 

convenient to decompose p (P;) into an asymptotic part, p,,(z), and a 

non-asymptotic part, 

Thus it is  again 

PA 
p( z ) , where 

and 

with 



The r e l a t ive  contributions of the asymptotic and non-asymptotic 

dens i t ies  are shown by Table 20 which give8 values of p U ( a )  e(%). 
Figures 30 and 31 are graphs of t h i s  r a t i o ,  The behavior ie seen t o  

be qu i t e  similar t o  the point source results (Table 19, Figures 28 and 2 9 ) .  

9 The general plane source solution with plane symmetry is obtained 

from (2) by adding the  general plane symmetrical solut ion of t h e  homo- 

geneous equation. 

where A and B are  a rb i t r a ry  constants. Thus the  general p h s  sym- 

metrical  solution i e  

/ 

Th'is we have seen is of the  f om Ae + B 

The solut ion fo r  large posi t ive I is thus obtained from t h a t  f o r  

large negative I: by adding -- 1 %No2 sinh l<oa* However, si& y,z i s  b C  

j u s t  an i n f i n i t e  medium solution. 

m u r c e  is t o  cawe a discontinuity i n  the i n f i n i t e  medium solutions which 

hold fax from the source. 

60 
I n  other worda, the effect of the  plane 

The general p l w e  o ~ ~ e  solut ion i3.reapective of symmetry i s  obtgjned 

by adding the  general solut ion (13-7) of the homogeneous equation (13-1)* 

Hence the  general plane source solution is: 
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where f(2) i s  arbitrary. 

Returning to  the particular solution ( 5 )  we note that the various 

even moments for the plans case are readily obtainable since, as shown 

in Appendix B, they are related t o  those for the point BOWCQ by 

1 The 2nlth moment of one of the plane source densities i s  justrn+i 

times that of the corresponding point source density. 

Froceeding as in section 14 we find that for emall distances the 

1 mlution (2 )  is  approximately 

i where X : 0.577216 

The function I(o) i8 shown in Figure 32, 

The non-asymptotic damity may be put in a convenient fonn by 

r t i n g  the previously obtained expansion for g 

60 

g ( c , F )  = 1 +  E rn(c)+2n 
nsl  

(where m ( c )  are given i n  Table a), into the definition of e<$), 

06 

=+(E~(I~I) + Tn(0) 
n t l  

in- 

(4-58 

This 



C 

Fig. 32 



The de ta i led  features of the non-asymptotic densi ty  a re  bes t  shown 

i n  the function From the  expansion (11) we, find t h a t  f o r  small e 

rieers t o  a posi t ive maximum of O,h12 a t  

and i 8  thenceforth negative (being asymptotically proportional t o  

c=0.330, vanishes at c = 0.731, 

-c 

ALL 
log a 

5 3 1 -  
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p) 23 z ~ g ( c , x )  ea= d~ (z >> 1) (18 1 
0 

where E is  given by (lb-75). Thus, on comparing with (4-78)  it is 

seen t h a t  asymptotically 3(8) behave8 j u s t  a8 <(r) and the discussion 

of section 14 may be taken over completely. 

In the region where z is neither large nor small, 3's) must be ob- 

tained by numerical integration, Figure 33 shows t h e  resulting functions, 

Values of the  function are given i n  Table 21. 
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16. Anisotropic Sources 

*1 Anisotropic Plane Source 

Consider a unit anisotropic plane source 

&,A) = l ( z )  f(-R) (1) 

where 
sf(A) d n e  1 (2 1 

As remarked i n  section 12, t h i s  problem may be solved by dividing 

t h e  neutron denaity i n t o  two parte 

p ( 4  = P,(5) + e,,(.> (3  

where p,(z) is the  density of neutrom which have come from the source 

without having suffered a col l i s ion  and e i d  is  the remainder. 

' Inser t ing (1) i n t o  (5-6) using (4-8) gives fo r  t h e  angular density 

I of neutrons coming from the 80urce without a co l l i s ion  

v 7 0  

s o  U C b  

On integrating over 3 t h e  contribution ' t o  t h e  neutron 

deneity is: 

- \ e l / v  
fqd  = V d n  ( 5 )  

v 20  

These neutrons on being scat tered a c t  a6 an isotropic  dis t r ibuted 

plane source of s t rength 



Hence the t o t a l  neutron demkty due t o  a unit anisotropic plans 

source i s t  

roo aniso. 

Here p (zi) i e r  the  isotropic  plane source solut ion previously obtained 

(15-2). When f ( a )  is non-singular the  asymptotic and non-asymptotic 
PR 

portions of the solution may be obtained by inser t ing  the  separate t e r n  

of (15-3)* 

Inserting f) gives for  the  asymptotic solut ion 1 

aa 

Hence the asymptotic solut ion is similar &-form t o  that  f o r  the 

isotropic  BOWCB. However, t h e  constant multiplying e m a y  be 

di f fe ren t  fo r  z large and positive from what it is for z large and 

negative. 

3 
If we introduae coordinates f o r  n as i n  sect ion 10.2 and let 

-154- 



For z + + 00 12; = zq - \ % I  3 - 2;’  (14) 

Decomposing t h e  2;’ integral i n t o  portions from posit ive and negative 

Carrying out t he  z‘ integration gives 

Similarly f o r  z < 0 we find 

The general plane symmetric solut ion corresponding t o  an anisotropic 

plane aource is obtained by adding t o  (8) a solution of t h e  homogeneoue 

equation 

Ph Z A Gosh qoZ 3. B Sinh q02 (18 1 

where A and B w e  arbitrary.  



For 5 large and positive the general solution is then 

Far I large and negative 

sinh yoz 

I 

cosh g0z 

einh y,s 

The solution for large positive 5 is thus obtained from that for 

large negative 5 by adding h 

The even part of the source thus 88'888s a discontinuity in the 

coefficient of the slnh 

while the odd part causes a discontinuity i n  the coefficient of cosh \(01. 
solution which holds far from the source 

-156- 



It is often useful. t o  work wit21 a solution which vanishes f o r  z < 0. 

This solut ion whose asymptotic forrn is obtained by subbracling (20) from 

(19) 18 j u s t  (21). 

p,(z) = c - bC wo* (sgn I+) ~/m ++[e‘o(”t”o) - (agn I+I_)s‘%(~+~o) 11 (Z>O) 
This can be rewritten as: 

(22 1 

J (z(0) 
(23)  

h 
where 

-1 

Here agn I stands f o r  the eign of I and 

(22) contains e i ther  sinh Y,(a + e o )  or  cosh I(,(z+2;,) depending on 

whether agn I+ I, 3 0 .  

on the  assumption t ha t  the Bign is positive. 

For s implici ty  we w i l l  carry through the  analysis 
, 

Then 

we obtain from (24) using the  daf in i t ibn  of t& 

- l < c z o <  1 

T h e r e r \  bound is  reached a8 ?(,a) approaches a g function f o r  /A = 
lower 



( I t  has been mentioned t h a t  t h e  asymptotic density is not (19) if f(,u) is 

actuallg a g function, but t h i s  is i r re levant  here,) Furthermore, it is 

seen from (24) t ha t  i f  ?(p) is always o f  one sign and non-vanishing only 

function o f p ,  zo w i l l  be zero. 

For c 3 1 we obtain by expensfon of (23) and (24) 

and (25) becomes 

(2s)  also remains valid for G 71. It should be noted t ha t ,  i n  contrast  t o  

(19) and (20), (25) remains real f o r  c > l .  This may be seen as follows, 

Putting k, z i y ,  we have 
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and write (25’) a5 

(z  7 0) 

(.1 L 0) 

(33 1 

f---? s i n  k a ( a t  l+P 
k* 

In simple case6 it is convenient t o  expand ?(p) i n  terms of’ 

oa (34) 

R SO 
&A) E (-d a i  Pk (/u, 

Inserting (38) i n t o  (16) and (17) and using t he  relation” 

QJ 1 
= v  (35 1 

y o  

(where Qa is the Legendre funct ion 

-. 



Hence on remembering t h a t  

In  par t icular  for  an isotropic suurce 

' (39 )  

(41 1 1 and J:1 
h 

Ekplicit  formulas f o r  the non-asymptotio density may be obtained 

by inser t ing (5) and p ( z )  from (15.2) i n t o  (9). This yielder 



16.2 Anisotropic Poin t  Source 

The treatment of 6hia problem is quite similar t o  t ha t  of t he  plane 

source. 
+ 3  

(1) 

(2 1 

Let q(r,n.) : f(2) f; ($1 

where 

Dividing the neutron density i n t o  "direct" and ind i rec t  contributions 

1 f ( ~ )  d n  = 1 

Pi, is the density due t o  those neutrons which have suffered a t  

l e a a t  one co l l i s ion ,  i ,e , ,  e,,(?) is the densi ty  due t o  an effective 

isotropic  source 
qeff(3) e d ( s )  

Then if p,( \I' - r', \ ) is t h e  density at 'it due t o  a un i t  isotropic  

source at (thus p is j u s t  our point source solution) we have P 

Provided f ( 6 )  i s  non-singular (Le. ,  does not involve de l t a  

functions) the asymptatio and non-asymptotic portions of p ( r )  may be 

I 

found by inser t ing t h e  corresponding solutionrs from (14-36) 

Thus a 

3 f t  3 anis0 

L a s  
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and 

Inserting (a -37 )  and expanding the  difference \r? -?I\ in t h e  

exponential yields  

-c 
In partioular, fo r  the  i s o t r o p i c  case where f(2) - we obtain 

r -71. , 

which, of coure;cJ, agrees w i t h  (lh-37). From (9) and (10) we see t h a t  the 

asymptotic solutions fo r  anisotropic and isotropic sources merely d i f f e r  

by a constant factor, i.e., 

Equation (11) may be put in a more useful form by expanding f ( 3 )  

i n  terms of spherioal  harmonics, 

spherical harmonics 

Thus i f  Y l  m - +  (A-) are t h e  orthonormal 

-162 - 



Inser t ing the  expansion 

Using the addition theorem for spherical  harmonica: 
a, 

Prn0-j 

Now it is known* that 

I - -  - 4fl 
q0 

U G. N. Watson, "Theory of Bessel Functions," Cambridge, 194s. p. 387. 



and therefore (11) becomes 

I n  par t icu lar  f o r  an i so t ropic  source t he  only non-vanitshing terms 

a m  1 : 0, m = 0. Then the r i g h t  hand side of (21) becomes (as expected): 

Q, 
:1 (22) 

tanh-1qo 



L. 

The Functions En(x> t 

The functions En(x) : emxu u-n du have bean defined by Schloemilch, (1 1 

1 

and have been extensively used by Schwarzschild, (2 Eddington, (3)  Hopf ( L )  

and others, 

Placzek. 

Their Fourier and Laplace transforms have been discussed by 

An extensive tahlet of integrals  containing these functions 

has been given by Le Caine. (6 1 

I n  t h e  following we give a few useful formulae f o r  the functions 
* 

En (x) 8s well as a t ab l e  of the  first four of the functions taken from 

the more complete tables, extending up t o  

matical Tables Project. ( 5 )  

n z 20, prepared by the  Mathe- 

(1) Zeitschrift  fir Math, und Phys, I 4, 390, 1859, 

(2) Clatt, Nachr. Math, Phys, Klasse, 1906, p. 41. 
Berliner Berichte Math, Phys. KlaSBe), 1914, p. 1183. 

( 3 )  ''The Internal  Constitution of the  Stars," Cambridge, 1926. \ 

(4) llMathematical Problems of Radiative Equilibrium,lt Cambridge Tracta 
NO, 31, 1934. 

(5 ' )  

( 6 )  

"The Functions E,(x)," National Research Council of Canada, Atomic 
Energy Project Report MT-1. 

"A Table of Integrals  Involving the Functions E (x)," National Research 
Council of Canada, Atomic Energy Project Report%-131. 

Since moet applications deal w i t h  posit ive in tegra l  values of n and red x, 
we r e s t r i c t  ourselves t o  t h i s  case, although most of the  relat ions given have 
a wider range of val idi ty .  

#. 



The Functions E,(x) for Real Positive Argument and Positive Integral n 

) Definition: 

eoxu u* du /u n-2 e-&dp r s' 0 

E ( x )  z 
n 

1 

i n  particularr 

du 
U 

E1(x) : * E i ( 4 )  z 

X 

with 

2 ) Recurrence Relations : 



3 ) Expansions : 

(a) The folluwing expansion is  equivalent t o  the  definition (1): 

log ‘d : .5”7’7216 Ax : 0, An .I * ( 5 )  

(b) Asymptotic Ekpansiom (xr) 1) 

Considerably more uaeful i s  the following expansion, due to G, Blanch(5): 

where r- 
~“‘~(L2lgc~u~ + 58m2u2 - 22n 2 xu -+ n 3 ) du J un(xu+ n>8 

R(x,n) : n 
1 

n 2 l  
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,8816720 
.8535389 

82 78345’ 
e 8040461 . 7818352 
7412442 

. 7225450 

.6877754 

.6715385 

.6559778 

641038 7 . 626673 9 . 612 842 1 
5995069 . 5866360 
. 5 742 006 . 562 1748 . S505352 
,52833l-4 

.5177301 

.4974476 
48773 7L 

. 4691152 
,4601802 
l 4514818 
h430104 . 4347568 
.426712 7 
.4188699 
.4112210 
4037588 . 3 964 766 

. 7609611 
b 7047524 

,5392605 

SO7WlOS 

4 782 9 73 

E3 (x 1 

~000000 
A902 766 . 4809683 
d1719977 . 463323 9 
,4549188 . 4467609 
.4388327 
4311197 
.4236096 

. 4162 915 . 409157 . 402 193 7 
3953977 
.308 7607 

J822 761 . 3 759380 
.3697408 
.3636795 , . 35’ 7 74 91 
. 3519453 
.3462638 
340700S . 3352518 
.32993.42 

.3246841 

.33.45343 
, 3096086 
3047 78 7 

-3000418 
.2953956 
,2908374 
,2863652 
,2819765 

.2776693 
2 734416 

.2 652 145 . 2 612 15’5 

.3195~a~ 

,2692913 

e3333333 
,3283824 . 3235’264 . 318 7619 . 31.40855 
. 309494s 
30498 63 
.300558s . 2 962 08 9 . 2 9193% 
.2877361 
,2836090 . 2 79552 4 
2 755446 . 2 71643 9 
2677889 
.2639979 . 2 602 696 
, 2 5’6602 6 
.2529956 

b2494472 
,2459563 . 242 52 16 
,2393-419 
.2358162 

2325432 
,22 93221 
.2261517 
.2230311 . 2 199593 
2169352 
2 13 958 1 
.21102 70 . 2081.411 . 2 052 994 
2025013 . 1997458 . 19 7032 8 
,194359’7 
.19172 76 

* See also page A 11. 
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X 

.LO 
41 
.42 ’ 

*43 
044 
45 

e 46 
47 
48 
49 

50 
051 
52 
53 

55 
.56 

,58 
59 

60 
61 

.62 
63 
64 

. 65 
66 
067 
0 68 
69 

70 
71 
72 
73 

e 74 
75 
76 
77 
78 
79 

0 54 

057 

4 
E 

Eo E3 

1.6758001 . 7023801 ,3893680 ,2572864 .1891352 

1 .5643972 ,6699973 43756479 ,24963 73 , 1840664 
1.5128118 -6S46134 ,3690253 e24591Ll ,1815887 
1,4637191 6397328 .3625540 ,2422563 .179479 

1 , 6186591 . 6859103 ,3824270 ,25342 76 a865816 

1,41695l.4 
1.3723933 

1.2891321 
1 25025 79 

1 , 2130613 
1,1774423 
1 1b3308 7 
1 1105 7% 
1 , 0791634 

1.0489997 

0 . 9921499 
0 9653420 
0.93 95378 

0.9146861 
0,8907391 
0 8676523 
0.8453838 
0,8238944 

1,3297921 

1,0200162 

0 8 03l4 73 
0,7831081 

0.7450250 
0.7269218 

0.7094076 
0,6924566 
0,6760448 
0.660l-493 
0 64.47485 

0 , 62 982 2 1 

0 6013157 
0 , 58 7 7000 
Oo 5 71148 71 

0 6 763 7441 

0,6153506 

,6253313 

59 78 7 74 
, 6113865 

S8k7843 
, 5 720808 

,5597736 
S4782 24 . 5362198 
%95 15 
.5l40039 

SO33641 
,4930200 
482 9600 
,4731734 
,4636498 

K43795 
4453531 
,4365619 
42 799 73 
4196516 

4115170 
.403f;863 
.3958526 
3883092 

,3809500 

3 737688 
.36676W 

35323 74 
3467133 

.3403408 
433bl.153 
3280323 
,3220676 
,3162770 

3599179 

,3562291. ,2386625 
350045’8 2351313 
,3439999 ,2316612 
.33%0869 ,2282508 
3323029 . 2248990 
‘ 326643 9 , 2216044 
,3211062 ,2183657 
,3156863 ,2151818 
.3103807 ,2120516 
,3051862 .2089739 

1767433 
1743 744 
1720405 

. 1674753 
,1652428 

1608753 
158 73 92 
.15‘66341 

.1697410 

, 1630430 

-3000996 ,2059475 . 1545.596 
2 951179 , 202 9715 4 1525150 
, 2 902 382 , 2 OOOLk8 0 15’05000 
02854578 1.1971664 a Ut85139 
28 0773 9 19433.53 3.465565’ 

.2761839 .1915%6 , 14462 71 
,271684’5 ,18881lh . l-42 7253 
,2672761 ,1861166 1408507 
262 9535 , 1834656 , 13 9002 8 
258 7154 , 1808573 ,1371813 

25’4s97 , 1782 9 10 .13538.5’5 
*25ObBuI. ,1757658 1336153 

oZL25667 0170834’8 13 01495 
2387206 . 16842 94 1284533 

,2349471 .1660612 , 1267808 
*2312446 ,1637303 , 1251319 
-2 276124 , 161b360 ,1235061 
*224045? 15’91778 ,1219031 
2205461 , 15’69549 , 12 03 2 24 

e217U-09 ,1547667 ,1187638 . 213 7388 , 1526125 , 11722 70 
.2104282 .1!3’04917 1157115 
,2071777 .a84037 ,1142170 

02461r874 ,1732810 ,1318 701 

203 9860 , 1b63479 112 7433 



X 

. 80 . 81 

. 83 . 84 

. 85 . 86 

.87 . 80 

82 

089 

90 
91 
92 
93 
94 

. 95 . 96 
97 
98 
99 

Il.00 
1.01 
1.02 
1.03 
1.04 

1.05 
1.06 
1.07 
1.08 
1.09 

1.10 
1.11 
1.12 
1.13 
1.a 
1.15 
1.16 
1.17 
1.18 
1.19 

Eo 

0.5’616612 
0.5492075 
0 53 71118 
0 . 5253606 
0 . 513 9811 

0.5028411 
0.4920489 
0 . 4815’535 
0.4713442 
0.46I.4110 

0.4517441 
0.4423343 
0 4331 72 9 
0.4242513 
0.4155615 

0.4070950 
0.3988468 
0.3908073 
0 . 382 9705 
0.3753300 

0.3678794 

. 3535245 

.346608 7 

.3398603 

. 3332740 . 3268451 . 320568 7 . 31h4403 . 3084SSS 

. 2 969000 . 2 913212 

.2858 701 

.280!&30 

.2 753363 . 2 70246 7 

.2652709 

.2604057 . 2556481 

. 360612 9 

.3026101 

*1 

. 3105966 

. 2 976112 

R a91029 

. 3050425 

a 2942 992 

. 2840193 

2741773 . 2 6 94130 . 2647495’ 

. 2 60183 9 
2557138 

.2513364 . 24704% 

.2428506 

.2387375 

.2347080 
,2307599 . 2268912 
.2230998 

.2193839 . 2 15 7416 
,2121711 
.2086706 
2052384 

. 2018 728 

.1985723 . 1953354 . 1921605 . 18 90461 

.1859909 

.I829935 

.1800525 

,1743347 

1715s54 
.1688275 . 1661500 
~ 6 3 5 2  1 7  . 1609416 

*2 790451 

~ 7 7 1 6 6 6  

E2 

.2008517 

.1977736 

.1947504 . 1917810 . 1888641 

. 1859986 . 1831833 . 1804173 
,17769914 . 17502 8 7 

. 1724041 
-1698247 . 1672 8 95 
.1647977 . 1623482 

.1599k04 . 15 75 732 . l m . 6 9  . 152 9578 

.1507079 

.l484955 

l.441804 . 1.420163 . I.400068 

.1379713 . 1359691 

.I339996 

. 1301562 

.1282811 

.1264362 . 1246210 
,1228350 
1210775 

1193481 . 1176462 
.11597& 
.ll43231 
.112 7008 

*a63199 

. 1320622 

-A 6- 

3 
E 

.1lr4323a 

.1423307 
1403681 

.13843!3 
1365324 

.1346581 . 132 812 2 . 1309943 

.12 9203 7 

.12 74401 

.125 703 0 

. 1223063 . 1206459 . 1190102 

.UT3988 
,1158113 . 1142472 . 112 7063 
,1111880 

1239919 

,1096920 
.lo82179 
.lo67654 . 105’3342 
,1039238 

. 1025339 

.10116~3 . 0998116 
i 0984842 
09 71  731 

. 0958809 . 0946074 

.093352l . 0921149 
0908953 

. 0896932 . 0885083 . 0873402 
0861888 

.085053 7 

. 1112900 

.lo98567 . 1084433 . 1070.493 . 1056744 

.lo43185 

.lo2 9812 

.lo16622 . 1003612 . 0990780 

.0978123 
0965639 
0953324 . 0941177 . 092 9194 

. 09173 74 . 0905 713 

.0894211 . 0882 863 . 08 71669 

. 0860625 
0849730 

.0838981 . 082 83 76 . 0817913 

. 0807590 

.0797406 
0787357 . 0777442 
0767659 

.0758007 . 0748483 . 073 9085 

.0729812 . 0720661 

. 0711632 . 0702 722 

.0693930 

.c%85253 . 0676691 



4 
E X 

E2 E3 
/ 

1.20 
1 b 2 1  
1.22 
1.23 
1.24 

24’09952 
2464440 . 2419919 

.2376362 
e2333 744 

. 1584084 
1559213 

.1534792 . 15108 1 2  . lht3 7262 

1464134 
.LLC4l418 . 1419106 

.1375660 
e 1397190 

. 1111041 
e 1095325 
1079855 . 106462 7 
1049637 

e0839347 
.0828315 
9 0817439 . 08 06717 
.0796146 

. 0668242 . 0659904 . 06516 75 
0 0643555 
0635540 

1.25 
1.26 
1.27 
1.28 
1.29 

1.30 
1.31 
1.32 

1.34 
1.33 

.2 2 92 030 
2251222 

. 1034881 

.lo20353 . 1006051 
0991970 . 0978106 

I 0785723 
e0775447 . 0765316 
0755326 
0745476 

. 062 7631 

.0619825 

. oa.619 

.0597015 

* .0612122 . 22112 73 . 2172166 . 2133882 

,2096398 

.2023752 
1988551 
1954072 

e2059695 
. 1354510 . 1333730 . 1313313 
.12 93252 . 12 73540 

.12%168 

. 0964455 
0951015 

,093 7 780 

. 0911913 
*0924147 

0735 763 
,0726186 
.0716742 
070742 9 
0698246 

. 0589609 . 0582299 

.OS75085 
0567964 

I 0560936 

1.35 
1.36 
1-37 
1.38 
1.39 

.1920298 . 188 7212 
1854795 

.la23033 

.1791709 

,08992 75 . 088682 9 
08 745 71 . 0862499 

.0850610 

,0689191 

,0671453 
.0680260 

. 0662 768 

.0654203 

. 1235131 

.12 1642 2 0540393 
.OS33722 . 1198033 

.1179959 .Os2 7137 

‘ .OS20637 
.05142 2 2 
.OS07889 

0495466 
.os0163 7 

1.40 
1.41 
1.42 
1.43 
1.44 

176l407 . 1731513 . 1162 193 ,0838899 .O645755 . 114472 9 ,082 7365 . 063 7424 . 112 7561 .0816004 . 062 9207 . 1110683 .0804813 .0621104 . 1094089 .0793 789 .0613111 

,1702211 
.I6 7348 9 
1645332 

1.45 
1.46 
1 .47 
1.48 
1.49 

.1617726 

.1590659 

.1564119 . 1538092 

.1512568 

048 93 74 . 0483361 
-0477425 . 0471565 
.Ob65 780 

1.50 .1L8?534 . 1.462 980 . 1438894 
.1415266 
.13 92 085 

.0460070 
0454432 . OW18867 
04433 72 
043 7948 

1.51 
1.52 
1.53 
1.54 

1.55 
1.56 

1369342 
.1347026 . 1325129 
e 1303640 
,1282551 

, 0928821 .0682807 .OS32064 

. 09018 79 0664502 . 0518592 . 0888 736 .0655549 . 0511992 
,0875805 0646726 . OS05481 

.0915240 e0673587 ,0525283 
.0432593 . 042 7307 
.Ob2208 7 
0416935 . 0411847 

1.57 
1.58 
1.5’9 
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X 

1.60 
1.61 

1.63 

1.65 
1,66 

1.69 

1.62 

1.64 

1.67 
1.68 

1.70 

1.72 

1.74 

1.75 

1.77 
1.78 

1.71 

1.73 

1.76 

1. 79 

1.80 
1.81 
1.82 
1.83 
1.84 

1.85 
1,86 
1.87 
1.88 
1.89 

1.90 
1.91 
1.92 

1.94 

1.95 

1.97 
1.98 

le93 

1.96 

1.99 

Eo 

,1262853 . 12415’38 
,1221597 . 1202022 . 1182805 

1163939 
145416 

,1127228 . 11~9369 . 1091832 

. 1074609 

. 1041082 . 1024765 . 1008 738 

. 0992 994 . 09 7 752 8 

.0962333 

.0947405 . 0932 738 

.091832 7 

.0904167 

.0890251 

.08 765 77 
0863138 

.0849931 
,0836950 
.0824191 
.0811649 
.0799322 

.0787203 

.0763578 

.0752 063 . 0740742 

a057695 

07752 90 

. 0729611 . 0718665 
0707903 . 0697319 

,0686912 

E2 

.0863083 .0638032 

.0850567 ,062 9464 . 0838251 .0621020 . 0826134 .0612678 . 08142 10 . 0604497 

.0802476 

0768384 . 07573 78 

0746546 
.0735885 
0725392 

.0715063 . 07048 95 

-0694887 
.0685034 
.Ob75335 
.0665787 
.0656306 

0790930 
0779567 

. 0596413 

.OS88446 

.0580594 . 05728% 
,0565226 

.0557706 . 05502 94 . 0542 988 . 0535 786 

.0528686 

.0521687 . 05l.4788 . 0507986 . 0501281 
04 946 70 

.0647131 . 0488153 . 0638019 .0481727 

.062 9047 .Ob75392 . 062 02 13 .0469146 . 0611515 . 0462 98 7 

.0602 950 .0456915 

.0594515 . 0450928 . 05’86210 . 0445’024 . 05 78031 .Ob39203 . 0569976 . 0433463 

. 0524144 . 0516903 . 0509770 . OS02 744 
0495823 

, 042 7803 
.Ob22222 
0416718 . 04112 91 

.Obos938 

. 0400660 . 0395455 

.039032? 
-0385259 
,0380267 

-A 8- 

E3 

04 9905 7 . 0492 72 0 
.0486467 
.0480297 
0474213 

.Ob68209 . 0462284 

.045643 9 

.04506 72 . 0444982 

.0439367 . 043382 7 . 0428361 

.Ob22967 
0417645 

.Ob12393 . 0407211 
0402097 . 0397051 . 0392071 

.038 7157 . 0382308 

.0377522 

.03 72800 . 0368139 

. 0363540 

.0359001 . O3!54521 . 0350100 

.0345737 

0341430 
.0337180 
0332986 . 032 8 846 

.032475 9 

. 032072 7 
0316746 

.0312817 . 0308 939 . 0305112 

4 
E 

.0406825 . 0401866 

.0396970 

.03 92 136 

.0387364 

.0382652 
00377999 
03 73406 . 03688 70 
0364392 

.0359970 . 0355604 
b 03512 93 
.0347037 
.0342834 

. 0338684 
0334586 

.0330539 

.0326544 

.0322598 

.0318 702 . 0314855’ . 0311056 . 030 7304 

.0303599 

. 02 99941 

.0296328 

.02 92 761 
-0289238 
.0285 759 

. 0282323 . 02 78 930 . 02 755 7 9 . 02 722 70 . 0269002 

. 0265 7 75 

.0262587 
0259440 

.0256331 

.0253261 



X E* I E2 *3 9 
200 6,76676 (-2 ) 4.89005 (-2 ) 3 75343 (-2 ) 3. 0133d-2 ) 2 SO228 (-2 
2 .I 5.83126 4 . 26l43 3 . 2 9663 2 . 66136 2.21893 
2 02 5.03651 3 71911 2.89827 2 . 35207 1 . 96859 
2.3 4 . 35908 3 .25023 2 . 55036 2 . OB002 1.74728 
2.4 3 77991 2 84403 2 24613 1 . 84054 I. 55150 

2 .5 
2.6 
2.7 
2.8 
2.9 

3.28340 2 . 49149 1 97977 1.62 954 1 . 37822 
2.85668 2.18502 1.74630 1 . 44349 1.22476 
2 .b89C9 1.91819 1 . 5445 1.27932 1.08879 
2.17179 1 . 68553 1 36152 1.13437 0 . 96826 
1.89735 1 . 48240 1.20336 1.00629 0 . 86136 

3.0 1.65957 1 . 30484 1 06419 0 . 09306 0 . 76650 
3.1 1 . 453 2 0 1 . ~ 7 ~  0.94165 0.79290 0.68231 
3.2 1.27382 1.01330 0 . 83366 0 . 70425 0 . 60754 

3 .4 9.814’67 7,89097 6.54396 5.56190 4.82093 
3.3 11.17672 ( -3 ) 8 . 93904( -3) 7 38433 ( -3 6 25 744 ( -3 5 *41120( -3 

3 .5 8 . 62 782 6 . 9704  5 . 80189 4 . 94538 4 . 2 9619 
3 06 7.58992 6 . 16041 5.4623 4.39865 3.82953 
3.7 6.68203 5 . 44782 4 . 56658 3 . 91360 3 . 41440 
3.8 5.88705 4.82025 4.05383 3 . 48310 3 . 04SOO 
3.9 3.19023 4 26725 3 . 60004 3.10087 2 . 71618 

4.0 4 $7891 3 . 7793s 3 . 19823 2 . 76136 2.42340 
4.1 4 . 04212 3 . 34888 2.84226 2.45969 2 . 16264 
4.2 3 . 57038 2 . 96876 2 .52678 2 ~ 9 1 5 6  1 . 93034 
4.3 3 . I S 4 8  2.63291 2 24704 1 . 95315 1 . 72334 
4.4 2 79030 2 . 33601 1,99890 1 74110 1,53883 

4.5 
4.6 
4.7 
4.8 
4.9 

5.0 
5.1 

5.3 
5 *4 

5 b 2  

2 . 46867 
2 . 18518 
1 . 93517 
1 . 71453 
1,51971 

1,34759 
1 . 19m.t 

9 .418l 
8 . 3640 

10.6088 (-4) 

2.07340 
1 . 84101 
1 . 63525 
1.45299 
1.2948 

1 . 1.4630 
1,02130 
9.0862 (-4) 
8 . 0861 
7 . 1980 

1.77869 
1,58321 
1.40960 
1.25538 
1.11831 

Q . 99&? 
0.88812 
7.9173 (-4) 
7 .Os97 
6.2964 

1 . 55244 
1 . 38454 
1.23507 
1.10177 
0 . 98342 

0.87780 
0 78368 
6.9978 (-4) 
6 2498 
5.5827 

1 . 3 7434 
1 . 22 765 
1.09682 
0 . 98010 
0.87594 

0.78298 
0 . 7COOO 
6.2590 (-4) 
5,5974 
5 . 0064 

5.5 7.4305 6 . 4093 5.6168 4.9877 4.4784 
5.6 6 . 6033 5 . 7084 5 . c116 4 4569 4 . 0067 
5.7 5 . 8701 5 . 08% 4.4725 3 . 9832 3.5852 
5.8 5 2199 4 . 5316 3 b 9922 3.5604 3 o 2084 
5.9 4.6431 4 ~ 3 9 0  3 . 5641 3 . 1830 2 .a716 

Note: The figures in parentheses indicate t h e  power of ten by which 
the numbers alongside a d  below in the same column a r e  t o  be 
multiplied. 
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X Eo ?I E2 - E3 E4 

6.0 
6,1 
6.2 
6.3 
6.4 

6.5 
6.6 
6.7 
6.0 

‘ 6,9 

7*0 
7.1 
7.2 
7.3 
7.4 

7 s  
7.6 
7.7 
7.8 
7.9 

8 .O 
8.1 
8 2  
8.3 
8.4 

a .5 
8.6 
8.7 
8.8 
8.9 

9.0 
9.1 
9.2 
9.3 
9.4 

9*5 
9.6 
9.7 
9.8 
9.9 

10,o 

Note t 

4 . 1313 (-4) 3 ,6008 (-4) 3 ,1826 ( -4) 2 e8460 ( -4) 2 e5704 (-4 ) 
3 . 6768 3,2109 2 . 8424 2 ,5451 2 . 3012 
3.2733 2.8638 2,5390 2.2763 2,0603 
2.9l-48 2 .S547 2.2683 2 , 0362 1.84.49 
2 . 5962 2,2795 2,0269 1.8217 1,6522 

2.3130 2 . 0343 1 , 8115 1 , 6300 1,4798 
2 a612 I . 6158 1 , 6192 1 , 4586 1,3256 , 

1.8372 1.6211 1.447s 1.3055 1,1875 

1,4606 1.2928 1.1573 1 . 0461 0.9533 

1.3027 1 1548 1 , 0351 0 . 9366 0 . 8543 
1,1621 1 . 0317 0 . 9259 0 , 8386 0 . 76% 
9.2540 8,2387 7.4112 6 . 7261 6 , 1511 

1.6379 1 . 1.4476 1,2942 1 . 1685 1.0639 

10.3692 ( -5 ) 9 2188 ( -5 1 O 2 831 ( -5 7 5100 ( -5 6.8622 ( -5 ) 

8.2602 7 . 3640 6,6319 6.0247 5.5l42 

7,3745 6,5831 5.9353 5.3970 4 943 7 
6 .S849 5,8659 5.3125 4 . 8352 4.4326 
5.8809 5 . 2633 L . 7556 4 . 3323 3 9747 
5.2530 4 7072 4.2576 3 , 8821 3 . 564b 
4.6930 4 . 2104 3 , 8122 3.4790 3 a967 

3 . 7666 3 . 4138 3 . 1181 2.8672 L 1933 
3 7474 3.3700 3.0573 2 e 7949 2.5719 

2 . 0698 3 . 3494 
2 9942 2 . 6986 2,4530 2 . 2461 
2 A770 2,4154 2.1975 2 . 0138 1.8570 

2.3937 2 ,1621 1.9689 1.8057 1,6662 
2 .a08 1 9356 1.7642 1 . 6192 1.4952 
1.9148 1 7331 1.5810 1 , 4521 1 . 3418 
1.7129 1 5519 1,4169 1 . 3024 1 . 2042 

3 0155 2 * 7384 2 . 5054 2,3071 

1.5325 1.3898 1.2700 1,1682 1,0808 

1.3712 1.2447 1 . 1384 1 . 0479 0 9701 
1,2271 1.1150 1.0205 0 . 9400 0,8708 

9 8306 8 . 9485 8 . 2033 ? . 5668 7 . 0177 10.9825( -6) 9.9881(-6 9.1492 (-6 8 e4335 ( - 6 )  7.8169 (-4) 

0 . 8004 8,0179 7 . 3558 6.7896 6 3006 

7.8791 7 , 1848 6,5965 6,0927 5.6571 
7 0551 6.4388 5 , 9160 5.4677 5 . 0797 
6,3179 5 7709 5,3061 4 . 9071 L . 5614 
5 . 6583 5.3727 4 7595 b.4044 4 . 0963 
5 . 0681 4,6369 4.2695 3 9533 3.6788 

4,5400 4.1570 3 8302 3 . 5488 3 . 3041 
The figures i n  parentheses indicate  t h e  power of ten by which the  
numbers alongside and below i n  t he  same column are t o  be multiplied. 



X E$x) - x log, x X 

I 00 1 0000000 .5000000 s 25 864303 7 
.01 0.9957222 -4900463 . 26 8576797 
s 02 . 9913450 .4801859 .27 . 8509676 
s 03 . 986868 7 .&704197 b 28 . 8441678 
04 ,9822939 .4607488 e29 .8372808 

.05 .9776211 

.06 9728508 
07 967983k 
08 9630194 . 09 9579593 

. 10 

.11 
s 12 

. 9528035 
9475526 . 9422071 
.9367672 . 9312336 
.9256067 
e 91388 70 

. 9081706 
9021750 

93.40 748 

.8960882 
8899109 
8836433 

e 8772860 
8708393 

.4511742 

.4416967 . 432 3175 
42303 74 
.4138574 

.30 
31 
32 
.33 
34 

-4047785 .35 
.36 
.37 
.38 
e 39 

.40 
e 41 
.42 
.43 
44 
.4s 
*46 
47 
.48 
49 

, .50 

8303071 
8232469 
.8161007 
-8088690 
.8015521 

79h1504 . 7866644 
7 790943 
7714kO7 
.7637039 

755’8843 
7479823 . 7399982 

715’5575 
7072491 
.698866 
.6903321 . 68181h3 
.6732175 

t 
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Appendix B 

Relations Between Point, Plane, and Shel l  Source Problems for the  Infinite 

Isotropic Medium 

The basis of these relat ions is  the  l i n e a r i t y  of the  equations f o r  

the neutron density. 

sources dis t r ibu ted  over tii esurface S i s  jus t ; the  sum,Of the dens i t ies  of each, 

The density due t o  a d is t r ibu t ion  q 8 ( f t )  of point 

where p (I$l) is the density due to a un i t  isotropic  point source a t  the 

origin. 
P 

Hence, on choosing cyl indrical  coordinates, the density due t o  a unit 

isotropic  plane source lying on the plane 5 z 0 fer$ 

PpJ(B) : j-* dr i2*qb pp ( i 3 - z )  
0 0 

rz-7 Let 
R Z  

sld Ppc(R) 
Then 

p p p  = 2 l r  

\ s i  

On di f fe ren t ia t ing  we obtain the inverse relation 

The density due t o  a un i t  s h e l l  source at r :: a ist 



Here 8 is the angle between 

as variable of integrat ion gives 

and $1. Introducing R (the argument of p P ) 

Comparing with (4) we see 

3 3  3 
due t o  unit isotropic  p' 'pa' '8h Relations between the currents j 

point, plane, and s h e l l  sourcc~a may be obtained s imi l a r ly  using the  l inear i ty .  

Thua the  current due t o  a surface source qS@) is: 

The current due t o  an isotropic  pbint 8ource i s  r a d i a l l y  directed and 

a function only of the radial distance, i*e., 

+ + 
+,(E') = f j (r) 

T P  

Hence the  current of a u n i t  plane source isr 



By symmetry t h i s  veotor has only .a component i n  t h e  z direction. Thier 

Differentiating gives the r e l a t ion  

The current due t o  a shel l  ~ o u r c e  at r : a i s 8  

P 

Hence, on comparing w i t h  (12), 

Introducing R : r--- $-+ a2 - 2 a y ~  as variable of integrat ion gives: 

Ir-a I 
+ 

Thus jsh(f ,a)  is radial ly  directed. On writing 



b 



Appendix C 

Transformation of , the  Isotropic Point Source Solution" 

1. - u < l  

From ( a - 2 9 )  we have tha t  the  point source solut ion is: 

where 

f ( r )  z 

Since tan-lk z $ tanholik : log - 1 + i k  
1 - ik 

has branch points at k J i and ai. It is therefore single-valued i n  

the k plane cut  by branch cuts  from + i t o  + i ao  and - i t o  - io0 . We 

choose t h a t  branch of t he  log function f o r  which log 1 : 0. 

other possible singularities of 

The only 

are poles arising from zeros of 

f ( k )  s 1 - c - tan'lk 
k 

f(k) being an even function 

occur i n  pa i r s  (kb, - k, ) . 
aelves t o  those eer08 which 

I 

of k has only an even number of zeros which 

Hence t o  investigate zero8 we can limit our- 

l i e  within the contour C (Figure 34)0 

Fig.  34 

(3 )  

.It The diacuasfon hers follows closely t h a t  given by Plauzek and Volkoff 
i n  Canadian Report MT-4. I 

A 



We will now prove tha t  f (k) has but a single zero inside the contour 

C given by k :: i q 0  where q0 is  t h e  positive root of 

To prove this we use the  theorem* tha t ,  since f ( k )  is  analytic on and 

within C, the number of the zeros within C is given by 

ohange i n  its argument on going around C i n  the positive direction. 

times the -2n' 

The argument of f (k )  on C1 (the r e a l  axis) i 8  zero. Since f(k) 3 1 

a6 \k \ + 00 , the argument of f (k) along C2 and C6 4 0  as R -+ oo 

C3 and CJ; we have k 2 i s  ( 8  red.) and 

Along 

1 - 8  log - 1 tanolk : m- 
1 - i k  2 1  l + s  

1 log ( 1  + i k )  

Hence , I  

On C3 s goes from R t o  1 + The imaginary part of f then increases 

on' The real part  of f continuously 
1 c tanh-1- 

l + €  

2-j continuously from SL (+o> t o  2R 

decreaaee from 1 - tanhml (+l) t o  1 - (-+-oOtas (40). 

Thus the chmge i n  the argument of f (k) on C3 + n' as R 4 0 0  and C 3 0 ,  

* E. C. Titchmarsh, "The Theory of Funcztiona,tl Second Edition, 

4 2- 



Now the  

pa r t  remaina 

&B c - , o i s  

real par t  of f (k) on C4 +- - - as 6 -+ 0 while the imaginary 

f i n i t e .  Therefore the change i n  the argument of f ( k )  on C4 

mxo. 

The 8ane diacusaion as f o r  C3 ehowrs t h a t  

l i m  A arg f ( k )  :'if (10 1 
R 3- c5 
c +o 

Combining we tme 

AG arg f ( k )  :: 2v (11) 

Hence there  is one and only one aero of f(k) within C. 

Therefore, s i n w  f'(k,r) i a  maly t i c  within and on C except f o r  a 

simple, pole at k o k, t iy, we have by Cauchy's Theorems 

ri 

& v(k,r) dk x Reeidue of p(k,r) at k t k, 

: l i n t  (k 5, ko) F(k,r)  
k +ko 

Esrpanding f ( k )  

Residue s 

in pawers of k - k, we3 obtain 

c tan-1 ko 
Different ia t ing 1 - f 0 with respect t o  c givesr 

ko 

I 



(12) then becomest 

C 

Thereforat 
/r 

(where we interpret osci l lat ing integralis i n  the sense of Ceaaro summability), 
r 

We have, on noting that lim 1 : 0 since k t i is a branch point but not 
c+o Ck 

-c 4- 



8 pole, 

<-+o ( 

Using (8) we have: 

1 
2 n‘i 

: ..- 

1 -m 

edr ids  

Changing the integration variable t o  ,u: 1/8 givesr 

where g(c,,u) is that defined in (a-31). 

Combining (1) and (23) yields 



2, c>L 
In  t h i s  case the  two poles of P(k,r) l i e  on the  r e a l  axis a t  ? k, 

where ko is the  posi t ive real. root of 

Without a prescription as t o  what is t o  be done at  the  poles the, i n t eg ra l  

i n  (2)  giving e(r) is  undefined. Different prescriptions such as going 

below o r  above t he  poles or  taking the  pr incipal  part o f  the in t eg ra l  w i l l  

give di f fe ren t  solutions.  

case c C ~  arises from the use of Fourier Transforms. This  method auto- 

matically se lec ts  out t h e  quadratically integrable solutions,  For c < l  

this solut ion is unique. 

speaking quadratically integrable,  They are osci l la tory.  

The lack of uniqueness as compared with the  

For c >I none of the solutions are s t r i c t l y  

The Bolution which is gident ical  t o  (24) on replaoing go by - i k ,  

is obtained by chooeing the path C' (Figure 35) for the in t eg ra l  I, 

This solut ion deacribes an outgoinq wave i n  the  time dependent problem, 

An incoming wave is obtained by integrat ing below 

Standing waves can be constructed by a aupesposition of these, 

be noted t h a t  all these solutions are obtained from t h a t  found w i t h  t h e  

path C' by the addi t ion of an i n f i n i t e  medium solution. 

-k, and above ko. 

It may 

1 ,  

-C 6-  



The analyeis, being identical with the ease 041, will be omitted. 
14.> 

The result is obtained most simply by pasaing t o  the l i m i t  in the 

formula. f o r  c < 1 (equation 24) or In the fornula for c > 1. 

7- 
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